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1. Introduction

In 1973 Wolfgang Helfrich proposed a continuum-elastic Hamiltoni-
an that describes fluid lipid membranes as curvature-elastic surfaces
[1]. This seminal work, and Helfrich's many subsequent ingenious con-
tributions, opened up an incredibly fruitful field of research for many
scientists, and it has been instrumental in disciplines ranging from
soft matter physics over chemical engineering and materials science
to biophysics and cell biology. In this review we will deal with one par-
ticular consequence of this Hamiltonian, namely the fact that surface-
associated objects will generally experience interactions mediated by
the membrane's curvature-elastic deformations and fluctuations there-
of. While this phenomenon has been subject of numerous studies in the
past, the aim of the present review is to illustrate how those interactions
can be described systematically and at arbitrary accuracy within the
physically intuitive framework of Effective Field Theory (EFT).

1.1. The Helfrich Hamiltonian

At its heart, the Helfrich Hamiltonian is a functional that assigns an
energy to a two-dimensional surface embedded in three-dimensional
space:

HS] = '/SdA{%K(K—KO)Z +RKG}. (1)

Here, K = c¢; + c; is the total curvature and Kg = c;¢; is the Gaussian
curvature of a given point on the surface, at which c¢; and ¢, are the
local principal curvatures. The inverse length Kj is the bilayer's sponta-
neous curvature (which often vanishes due to up—down symmetry) and
the two characteristic energies k and K are the mean and Gaussian cur-
vature moduli, respectively. The simplicity of this functional reflects
several properties of fluid membranes: They are close to inextensible
while fairly easy to bend, so curvature deformations are the soft
modes which an elastic description should capture. And due to fluidity
shear stresses must vanish, requiring a functional that is insensitive to
purely tangential deformations.

A functional variation of Eq. (1) leads to the associated Euler-
Lagrange equation, whose solutions describe equilibrium (or “ground
state”) shapes of fluid membranes, subject perhaps to extra constraints
[2]:

K{—AK +%1</ {K'K—z(KZ—KG)] } +OK=P, 2)

where K’ = K — Kj, the tension o and the pressure P are Lagrange mul-
tipliers fixing area and volume constraints, respectively, and A is the co-
variant Laplacian on the surface. Uncovering the subtle physics hidden
in this fourth order partial nonlinear differential equation has been a
major research thrust for many years [3,4].

1.2. Geometric field theory

The Helfrich Hamiltonian (1) is a continuum-elastic energy func-
tional. However, one can also interpret it as the action of a field theory,
for which the geometry of the membrane is the field—much in the same
sense in which general relativity is a field theory built on the geometry
of space-time. With this viewpoint, Eq. (2) is the free field equation, and
just like its general relativity counterpart (and for the same reason) it is
highly nonlinear and very difficult to deal with. But general relativity
has a weak field limit, Newtonian gravity, and the equivalent simplifica-
tion for membranes occurs in the limit of weakly deformed surfaces. For
instance, if a membrane does not deviate much from a flat plane, the
Hamiltonian (1) strongly simplifies to

HIS) = /sp dzx{%K(Trh)z +Edeth} , 3)

where (h);; = 0%h/0x'0¥ is the Hessian of the height function h(x,y), and
the integral now extends over the projection S, of the surface S onto the
base plane. The parameterization via h(x,y) is called Monge gauge [5],
and Eq. (3) is then referred to as the Helfrich Hamiltonian in linearized
Monge gauge. Linearized, because all terms in this gauge that would
go beyond quadratic order have been neglected, such that the field
equations are now linear:

—kV*VPh+0V?h =0, (4)

where V? is now the ordinary Laplacian on the flat base plane and we
assumed no pressure difference between the two sides of the mem-
brane (in accordance with the condition of approximate flatness).!

While the “true” field theory is the nonlinear version resting on Egs.
(1) and (2), the linearized version is often a good approximation. What
might at first sound surprising, though, is that even the linear theory can
be difficult to deal with. The problem of membrane mediated interac-
tions is a prime example where this happens, and we thereby home in
on the central topic of our review.

1.3. Curvature charges and their interactions

Field theories become more interesting once there are charges to
which the field can couple. Since charges source fields, and fields in
turn exert forces on charges, this coupling induces interactions between
the charges, mediated by the field. For instance, electric charges interact

1 Ifin this parameterization one includes the spontaneous curvature via% K(V2h—Ko Z,
it will only give rise to a constant } k7 and the term kK, V2h, which can be integrated to
the boundary; for the most common boundary conditions K, hence becomes irrelevant,
even if the nonlinear theory has a non-vanishing Ko. However, a systematic expansion of
Eq. (1) up to quadratic order in h shows that %KK% in fact gets multiplied by 1 + % (Vh)2
(from the area element), resulting in the additional term },h‘K%(Vh)z, which rescales the
surface tension. The connection between spontaneous curvature and tension (also beyond
Monge gauge) is further discussed in Ref. [6].



Download English Version:

https://daneshyari.com/en/article/6976874

Download Persian Version:

https://daneshyari.com/article/6976874

Daneshyari.com


https://daneshyari.com/en/article/6976874
https://daneshyari.com/article/6976874
https://daneshyari.com

