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H I G H L I G H T S

• Modeling performance of mixed matrix
membrane in cross flow ultrafiltration

• The model includes concentration po-
larization coupled with adsorption.

• Ultrafiltration of fluoride using alumina
doped mixed matrix membrane

• Experimental validation and sensitivity
analysis of the model parameters

G R A P H I C A L A B S T R A C T

The present analysis captures the physics of simultaneous concentration polarization and adsorption during ul-
trafiltration in mixed matrix membrane.
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Selective membrane filtration with high throughput can be achieved using mixed matrix membrane (MMM).
The application ofMMM in integratedmembraneprocessing requires a continuousmode of operation. Therefore,
understanding themechanism of cross flow ultrafiltration of MMM is important from the design and operational
point of view. Theoretical analysis based on first principles presented in this study takes into account the simul-
taneous occurrence of adsorption in thematrix and spatially developing concentration polarization layer over the
membrane surface. The change in the filtration regime from adsorption dominated to diffusion governed can be
identified. The developedmodel is validatedwith cross flow ultrafiltration experiments offluoride contaminated
solution using activated aluminaMMM, for different operating conditions. The impact of the adsorption isotherm
constants on the system performance is also evaluated.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The main advantage of mixed matrix membrane (MMM) is the
separation of the targeted solute with enhanced selectivity and high

throughput. Typically, MMMs are prepared by doping inorganic filler
into the base matrix, to impart the desired characteristics [1–3]. Several
researchers have reported the use of MMM for the separation and puri-
fication of gas mixture [4–7]. The primary removal mechanism is the
adsorption of the targeted species into themembranematrix. However,
in the case of filtration of liquid stream, the species diffusion and con-
vection alongwith adsorption occur simultaneously [8,9]. Inmembrane
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filtration, the solutes are screened by physical sieving and the balance
between diffusion and convection is the prevailing mechanism for
transport species across the membrane. On the other hand, physical
adsorption occurs in thematrix of theMMM, resulting in reducedmem-
brane surface concentration compared to that without adsorption.

Adsorption studyon themembranewasfirst reportedbyMatthiasson,
who found that adsorption had a significant influence on ultrafiltration
[10]. The firstmathematical analysis was developed byDoshi (1986) con-
sidering the simultaneous occurrence of adsorption and concentration
polarization [11]. He derived a steady state model for two limiting cases
of adsorption or diffusion dominating. In the case of adsorption limited
process, the solute concentration at the membrane surface is negligible
due to its desorption from the membrane to the permeate side. In the
case of diffusion limited process, he indicated that ultrafiltration was
dominated by the difference in osmotic pressure. In the modeling of
protein ultrafiltration, Gekas et al., combined both adsorption and con-
centration polarization in a single model [12]. The theory was based on
the generalized integral approach for concentration boundary layer,
with a sink term for adsorption in the boundary condition at the mem-
brane solution interface. Numerical computation for the system of
equations was carried out with the finite discretization technique. The
discrepancies in the modeling approach by Gekas et al., were corrected
and an improved version of themodel was reported by Bevia et al. [13].
They suggested that the adsorption dynamics could not be solved ex-
plicitly as the system of equations were coupled with the boundary
layer equation, which was not considered by Gekas et al. They also
clarified the convention of co-ordinate system selected in calculating
the diffusive term. The quantification of the permeate concentration
was not included in their model. Extending the analysis of coupled
adsorption inMMM,Mondal et al., presented a comprehensive analysis
incorporating the modifications suggested by Bevia et al., to predict the
system performance for ultrafiltration in dead end configuration [8].
They developed a transport model for ultrafiltration which could pre-
dict both permeate flux and permeate concentration in batch filtration
considering the effects of volume reduction with time and adsorption
isotherms.

The present study aims to develop a theoretical understanding of
performance of MMM during cross flow ultrafiltration. Being continu-
ous in operation, the cross flow mode of operation is important from
the practical standpoint. The effect of forced convection on concentra-
tion polarization in the presence of adsorption is highlighted in this
study. The transient state nature of the system is analyzed considering
the adsorption dynamics which is an order of magnitude higher than
the time dependent concentration term in the species convection–
diffusion equation. The developing concentration boundary layer is
solved using the integral method of solution. Further, the model pre-
dictions are validated for the ultrafiltration of the fluoride solution
using activated alumina-cellulose acetate phthalate membrane. The
model sensitivity analysis is also reported for the model parameters
and constants of adsorption isotherm.

2. Theoretical development

The transport mechanism of concentration polarization together
with adsorption in themass transfer boundary layer (Fig. 1) for a rectan-
gular geometry, is described by two-dimensional convective-diffusive
species transport equation. In this work, a more generalized approach
of developing concentration polarization layer is considered and there-
fore, boundary layer thickness is not constant and varies with the axial
location.

∂c
∂t þ u

∂c
∂xþ v

∂c
∂y ¼ D

∂2c
∂y2

ð1Þ

The assumptions involved in theoretical consideration are: (i) the
transient term in Eq. (1) is significantly less than the order ofmagnitude

of the remaining terms, especially beyond 100 s of filtration [8]. There-
fore, one can take recourse to quasi steady-state analysis for the deter-
mination of the concentration boundary layer profile compared to
adsorption dynamics; (ii) The thickness of the concentration boundary
layer is small, so that the transverse velocity is approximated to the
permeation velocity at the wall [14]; (iii) laminar flow in the channel;
(iv) solute diffusivity and solution viscosity are constant; (v) rheology
of the fluid is Newtonian; (vi) uniform rate of adsorption in the mem-
brane matrix and the flow channel does not contain any spacers.

According to assumption (ii) the transverse velocity is expressed as,

v ¼ −vw: ð2Þ

The x-component velocity, expressed by the Poiseuille velocity for a
rectangular channel is given as,

u ¼ 3
2
up 2

y
h
− y2

h2

 !
ð3Þ

where, up is the average axial velocity and h is the channel half-height.
The relevant boundary conditions for Eq. (1) are:

at x ¼ 0; c ¼ c0 ð4aÞ

at y ¼ 0; vw cm−cp
� �

¼ D
∂c
∂y

����
y¼0

þ ρm 1−εmð Þtm
∂q
∂t

����
y¼0

ð4bÞ

at y ¼ δ xð Þ; c ¼ c0 ð4cÞ

where, cm is the solute concentration at the membrane surface (y=0).

It may be noted here, that in mass-transfer analysis, the diffusive flux D

∂c
∂y

����
y¼0

, accounting for concentration polarization is always away from

the membrane (in the form of back diffusion) as the solute concentra-
tion over the membrane surface is higher than the bulk concentration.
However, this may not be true in the case of adsorption occurring on
the membrane surface as in the case of MMM. The solutes polarized
over membrane surface get adsorbed by the membrane and in the pro-
cess, the surface concentration decreases. Hence, more solutes are dif-
fused from the bulk toward the membrane surface, due to the positive
concentration gradient [13].

The permeate flux of the membrane at any point of time is given by
[15],

vw ¼ ΔP−Δπ
μ Rm þ Radð Þ ð5Þ

where, Rad is the adsorption resistance and Δπ is the osmotic pressure
difference across themembrane feed and permeate side. For lowmolec-
ular weight solutes and salts, the osmotic pressure is quantified using
the Vant-Hoff's relation for ideal solution [16],

π ¼ γþ��� ���þ γ−j j
� �RgT

Mw
c ð6Þ

where, Mw is the molecular weight of the salt. Thus, the osmotic pres-
sure difference (Δπ) is represented as,

Δπ ¼ πjm−πjp ¼ γþ��� ���þ γ−j j
� �RgT

Mw
cm−cp
� �

: ð7Þ

The kinetics of adsorption process is considered a first order rate
process, represented by the Lagergren model as [17],

q ¼ qe 1− exp −kpt
� �h i

ð8Þ
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