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A quasi-static approach is presented to compute electric field radiated by a lightning return stroke above
the sea-land structure modeled as a dielectric half space with a perfectly conducting half plane situated
in its interface. It appears that the quasi-static approach provides a closed-form time-domain solution
for the radiated electric field. The proposed approach is mainly based on the electrostatic solution of the
structure. The governing Poisson’s equation in the presence of the sea-land structure is solved in three
dimensions, using the contributions of dielectric half space and perfectly conducting half plane. The

I(eywqrds: solution, expressed in terms of image contributions, consists of two point images in physical space. The
Electric field L . . . . . . ) . .

Lightning return stroke validity domain of the time-domain quasi-static approach is investigated by comparison of the obtained
Sea-land electric fields with full-wave results obtained using the finite-difference time-domain method. The pro-

Quasi-static posed approach has a reasonable accuracy at near (200 m) distance range from the lightning channel.

Poisson’s equation
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1. Introduction

Many electric power installations such as wind turbines, wave
energy converters, and transmission lines are located near shore-
lines [1-3]. Electric field radiated by a lightning return stroke
can cause malfunction or destruction of the power installations.
The analysis of the lightning electric field is necessary to effi-
ciently design a lightning protection procedure. This analysis is
highly dependent upon the propagation path which may be a
homogenous or stratified medium. The stratified medium can be
classified into horizontally or vertically stratified medium. The
analysis of lightning electric field has been widely studied in lit-
erature [4-8].

For the case of a horizontally stratified ground, Shoory et al.
[9] studied the simplified analytical expressions derived by Wait
[10] at far distances of 10-100 km from the lightning channel. The
validity of simplified approaches has been studied in [11] for the
vertical electric field above the interface of a horizontally stratified
medium, and found that results using the simplified approaches are
in excellent agreement with full-wave results in very close (50 m)
and intermediate (1 km) distance ranges.
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The propagation effect of a sea-land path considered as a ver-
tically stratified ground on the lightning electric field has been
analyzed in [12,13] using Wait’s formula [14,15]. The accuracy of
Wait’s formula has been examined in [16,17] by comparison with
full-wave results obtained using the finite-difference time-domain
(FDTD) method. The good accuracy of Wait's simplified formu-
las has been shown for far distances from the lightning channel
(10-100km) in [16] and near (200 m) and intermediate (1 km) dis-
tance ranges from the lightning channel in [17].

The Wait’s formula should be calculated for many frequency
samples over the frequency range of the lightning channel cur-
rent to achieve the time-domain radiated electric field. Therefore,
we are more interested in a closed-form time-domain solution of
the contribution of sea-land path on the lightning electric field. In
this paper, a novel quasi-static time-domain approach is proposed
based on solving the Poisson’s equation in the presence of sea-land
structure. The sea-land structure is modeled as a dielectric half
space with a perfect electric conductor (PEC) half plane situated
in its interface.

The paper is organized as follows: In Section 2, the simpli-
fied model of the sea-land structure is introduced. An electrostatic
image theory for solving the Poisson’s equation in the presence of
this geometry is developed. Based on these electrostatic images,
a novel time-domain quasi-static approach is proposed to analyze
the radiated electric field by an electric current dipole in the vicinity
of the structure. In Section 3, the closed-form time-domain for-
mulation of lightning electric field over the proposed structure is
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reviewed and discussed. The validity domain of the obtained for-
mulations is also tested versus full-wave simulations obtained using
FDTD. Conclusions are given in Section 4.

2. Theory
2.1. Electrostatic solution of the problem

The sea-land structure can be assumed as a PEC half plane situ-
ated in the interface of free space and a dielectric half space medium
[18]. The three-dimensional Poisson’s equation is considered in the
presence of the proposed structure. The geometry of the problem
is illustrated in Fig. 1. It should be mentioned that sea water ful-
fills the assumption of perfect electric conductivity to an adequate
degree of accuracy [18].

The dielectric constants outside and inside of the dielectric half
space are €1 and &,, respectively. The electrostatic potential in the
exterior region, ¢1, satisfies the Poisson’s equation:

V21(p. 9.2) = —ﬁa(p —P0)(9 — 90)(z—20) (0<g=<7),

(1)

where (g, @0, Zo) reveals the position of the unit point charge in
cylindrical coordinates. The electrostatic potential in the interior
region, ¢, satisfies the Laplace’s equation:

VZiy(p, 9, 2)=0 (7 <@ <2m). (2)

First, we consider the electrostatic contribution of the PEC half
plane in free space. The electrostatic potential of a unit point charge
in the vicinity of the PEC half plane in free space filled with &, ¥,
has been presented in a closed-form representation in [19]. The
solution contains some typographical errors which can be corrected
by substituting (27t — @) with —¢g and considering 0 <tan~'x <7
in Egs. (63)-(67) of [19]. The correct representation of i, can be
obtained from:

1

Yn(ps @, 2, 90) = —— [ L !

R(go)  R(~¢0)

4men 7R(¢o) 7TR(~¢0)

-1 ( Rlgo) -1 ( R(=¢0)
tan (g(%)) . tan (g(—ww) ]
(3)

where R(¢) is the distance between points (p, ¢, z) and (0o, G, Zo)
written in cylindrical coordinates:

R(¢)= \/pz + P2 +(z — 20)* — 2ppo cos(¢ — ), (4)
and
8(s) = 2vppocos (L35 (5)

It can be easily seen that the electrostatic potential distribution
meets the proper singularity and boundary conditions accord-
ing to the contributions of the unit excitation point charge, the
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Fig. 1. Point source in the vicinity of the model of the sea-land structure.

—1 image point charge, and two different image charges with vari-
able amplitudes according to the observation point. The solution
of the electrostatic potential distribution in the presence of the
structure depicted in Fig. 1 can be obtained using Eq. (3) and the
electrostatic image theory of the point source in the presence of
a dielectric half space filled with ¢,. The electrostatic potential in
the exterior and interior regions can be defined as:

d1(0, 9, 2) = Y1(p, 9, 2, go) — I'V1(p, 9, 2, 27 — @o), (6)

&2(p, 9, 2) = TY2(p, ¢, 2, ¥o), (7)

where I and T are defined as:

rof2—f 8)
&2+ €1 ’

Ta_282 9)
&+ €1

It can be easily seen that the proposed solutions for ¢y and ¢,
meet the proper singularity and boundary conditions. After some
analytical simplifications, ¢; can be obtained from:

1 an a12
41009 = g | ey * R (10)
where
_,_a-=-r)y_ _; (R(go)
_ L, a=r)y 4 (R(=¢o)
app=-1+ pe tan (g(—(po)) . (12)

Therefore, ¢, can be expressed as the contributions from the
excitation point source multiplied by «11 and its mirror image mul-
tiplied by «1; situated in free space filled with ;. For the case of
the interior region, ¢, can be expressed as follows:

#206.0.9)= e Ry * Ry (13)
where

crerfs- o ()
gy =T [—1+%tan’1 (gg:zgm. (15)

It is worth noting that ¢, can be expressed as the contributions
from the excitation point source multiplied by «»; and its mirror
image multiplied by a5 situated in free space filled with &5.

2.2. Electric current dipole over the sea-land structure

To solve the electric field radiation of a vertical electric cur-
rent dipole in the presence of the structure depicted in Fig. 1, it is
assumed that a vertical current source i(t)n is located in the exterior
region of the proposed structure (see Fig. 2). It should be mentioned
that n denotes a unit vector normal to the PEC half plane. In the
quasi-static regime, it is assumed that the electric current dipole
can be replaced by proper electric dipole containing two opposing
point charges q and —q at the top end and bottom end of the elec-
tric current dipole, respectively (see Fig. 3). First, the electrostatic
analysis of the excitation electric dipole in Fig. 3 is obtained using
Egs. (10)-(15). Afterwards, q is replaced by [20]:

t
q:/ i(t') dt’, (16)
to
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