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a b s t r a c t

The formation of a single bubble from an orifice in a solid surface, submerged in an incompressible,
viscous Newtonian liquid, is simulated. The finite element method is used to capture the multiscale
physics associated with the problem and to track the evolution of the free surface explicitly. The results
are compared to a recent experimental analysis and then used to obtain the global characteristics of the
process, the formation time and volume of the bubble, for a range of orifice radii; Ohnesorge numbers,
which combine the material parameters of the liquid; and volumetric gas flow rates. These benchmark
calculations, for the parameter space of interest, are then utilised to validate a selection of scaling laws
found in the literature for two regimes of bubble formation, the regimes of low and high gas flow
rates.

© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction

The controlled production of small gas bubbles is of critical im-
portance to many processes found in the chemical, petrochemical,
nuclear, metallurgical and biomedical industries. Subsequently, a
vast body of research exists on the subject [1–5]. Due to the com-
plex mechanisms involved in this fundamental process, the com-
putational, experimental and theoretical literature has focused on
the case of generating a bubble by pumping gas through a single
formation site, namely a submerged nozzle [6–10] or, as is the case
in this work, an upward facing orifice in a submerged solid sur-
face [11–14].

Some authors have considered the case of inflating a bubble
under a constant gas pressure with the volumetric gas flow rate
varying as the bubble inflates [15–18]. Others have considered
the case where the volumetric gas flow rate is determined by
the difference between some ambient pressure away from the
bubble and the gas pressure in a chamber that is connected to the
formation site [19,7]. However, the most popular method, and the
method employed here, is to apply a constant volumetric gas flow
rate through the formation site and allow the gas pressure to vary
in time [8,20,21,13].
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1.1. Experimental observations

The majority of experimental studies examine a continuous
chain of bubbles [11,12,14]. A bubble grows whilst attached to
the formation site as gas is pumped through the site at a constant
flow rate. As the volume of the bubble increases, the influence of
buoyancy becomes more important. The bubble seeks to minimise
its surface area at a given volume and so a ‘neck’ develops in the
bubble as the longitudinal curvature of the free surface changes
sign at some point just above the three phase solid–liquid–gas
contact line. The difference in pressure between the base and the
apex of the bubble then drives the thinning of this neck as the free
surface begins to pinch-off (see Fig. 1). This leads to the eventual
break up of the bubble into two parts; a new bubble is released
and rises away from the formation site under buoyancy, whilst the
residual bubble, that is left attached to the formation site, begins
to grow. This process repeats itself, thus producing a chain of
bubbles.

The aim of many studies has been to find the global character-
istics of the formation process, such as the frequency of forma-
tion and the volume of the bubbles that are formed, for a given
set of material parameters (e.g. liquid density and viscosity), de-
sign parameters (e.g. orifice radius, wettability of substrate) and
regime parameters (e.g. gas flow rate). These studies provide po-
tentially useful material for comparing theoretical results with ex-
periments. However, global characteristics of bubble formation in
a chain accumulate several complex phenomena, and it is desir-
able to have a more detailed picture of each of them and of their
interaction.
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Fig. 1. A sketch of the flow domain in the (r, z)-plane.

Theoretical and early computational studies focused on the
behaviour of a single bubble which grows from some initial state
up until the break up of the free surface is approached [6,8,22].
The mathematical difficulties of handling the topological change
associated with the complete break up of the bubble prohibited
any further progress and so, in this case, the formation time period
and the volume of the bubble above the point of minimum neck
radius are of interest and have been investigated. Here, the break
up is assumed to be a local effect that does not affect the global
dynamics of the formation process.

Experimental and theoretical studies identified three regimes
for the formation of bubbles under a constant gas flow rate
[23,11]. For a given set of material and design parameters, the first
of these regimes occurs at small gas flow rates and is known as the
‘static’ regime. In this regime, the volume of the bubbles formed is
independent of flow rate, and therefore a decrease in the flow rate
results in an increase in the formation time. Consequently, it is not
possible to produce a bubble with a volume smaller than this lim-
iting volume. Fritz [24] suggested that this limiting final volume is
proportional to the orifice radius. This, as well as other scaling laws
are considered in Section 5.

At greater flow rates, bubble formation enters the ‘dynamic’
regime. It is now the formation time that approaches a limiting
value, resulting in an increase of bubble volume Vd with flow
rate Q . In this regime, some authors used spherical bubble mod-
els to propose scaling laws for the bubble volume. Davidson and
Schüler [16] and Og̃uz and Prosperetti [7] proposed that Vd ∝ Q

6
5

for bubble formation in an inviscid liquid, whilst, Wong et al. [8]
suggested that Vd ∝ Q

3
4 in the case of a highly viscous liquid.

Finally, under even greater flow rates, bubble formation enters
the ‘turbulent’ regime. Here the motion is chaotic with successive
bubbles coalescing with each other above the formation site. The
transition between these three regimes is dependent on all of the
material and design parameters involved. For instance, in the case
of an orifice, the wettability of the substrate is important to the
formation process if it is not sufficiently large enough and so the
contact line is free to move along the solid surface [25–29].

1.2. Theoretical progress

Under sufficiently small gas flow rates, the initial growth of a
single bubble may be accurately modelled as a quasi-static pro-
cess, an approach that has also been utilised for the description of
the formation of liquid drops [30,31]. By assuming that the fluid
velocities are negligible, one can derive the Young–Laplace equa-
tion, which balances the difference in the gas and hydrostatic pres-
sureswith the capillary pressure. This can be solved to find the free

surface profile of a bubble at a particular volume. A series of succes-
sive profiles can be found which are in very good agreement with
experiments that describe the initial evolution of a bubble [32,6,
33–40].

However, once the neck forms and the pinch-off process begins,
the liquid velocities adjacent to the point of minimum neck radius
are no longer negligible. Due to the dynamics associated with the
relatively large liquid velocities involved at this stage, the quasi-
static approach is no longer valid and thus, in general, one cannot
expect to accurately predict the final volume of a newly formed
bubble this way.

In an attempt to describe some aspects of the dynamic prob-
lem, early mathematical models of single bubble formation under
a constant gas flow ratewere based upon global force balances. The
first ‘one-stage’ models for highly viscous [15] and inviscid liquids
[16,41], which involved the bubble growing spherically, were de-
veloped into various ‘two-stage’ models for highly viscous [42,43]
and inviscid liquids [44,45] by adding a detachment stage to the
spherical expansion stage. Once the spherical bubble had reached
a certain volume, it translates away from the formation site but re-
mains in contact with it via a cylindrical column of gas. The bubble
is said to detach when certain criteria are met, such as the column
reaches a certain height. Although these semi-empiricalmodels are
seen to give good agreement in certain regimes [4], to accurately
describe thewhole parameter space of interest, the use of complex
computational techniques is needed.

1.3. Computational approaches

To solve the unsteady free-boundary problem of bubble
formation from an orifice or nozzle, subject to the forces of gravity,
inertia, viscosity and capillarity, the development of computational
fluid dynamics techniques is required. Much of the early work in
this direction was concerned with the axisymmetric generation of
a single bubble. The first non-spherical methods involved various
finite difference schemes to solve equations imposed on the bubble
surface [46–50] before the boundary integralmethod,which canbe
used to reduce the problem’s dimensionality to one, was used to
study bubble formation in either the inviscid [51,7,22,52] or highly
viscous flow regime [8,53].

Since then, the majority of work on bubble generation has
focused on the influence of thematerial, design and regime param-
eters on the global characteristics of the flow using the volume-of-
fluidmethod [54], and its improved variants which utilise level-set
methods [55,13,56–59]. Due to the simple manner in which topo-
logical changes are ‘automatically’ handled, such techniques have
proved successful at describingmany features of the bubble forma-
tion phenomenon, including the wake effect of a preceding bubble
on subsequent bubbles in a chain, where the size of forming bub-
bles are assumed sufficiently large and hence the details of how the
topological transition (i.e. the break up of the bubble) takes place
are relatively unimportant. However, as noted in [60], there is no
guarantee that the physics associated with this transition has been
properly accounted for. This aspect becomesmore importantwhen
the size of forming bubbles is small.

Despite the advantages of volume-of-fluid based methods, as a
relatively simple way of handling the global dynamics, it is well
known that this class of numerical techniques are not well suited
to resolving the multiscale physics which becomes critical in ‘sin-
gular’ flows, i.e. those in which liquid bodies coalesce [61,62] or
divide [63,64]. For instance, for a millimetre-sized bubble, experi-
ments are able to resolve the minimum neck radius down to tens
of microns [65,9,66,67], whilst numerical methods have thus far
failed to capture these scales and often artificially truncate the sim-
ulation far above the scales which are still well within the realm of
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