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a b s t r a c t

This paper presents a direct numerical simulation (DNS) technique, the Finite Element Fictitious
Boundary Method (FEM-FBM) for the simulation of fluid-solid two-phase flows with heat transfer. The
heat transfer equation is introduced to study thermal convection in fluid-solid two-phase flows. The
Boussinesq approximation is considered for the coupling of momentum and temperature flow fields.
Multi-grid finite element solver is used to compute flow equations of mass, momentum, and energy
on a fixed Eulerian mesh which is independent of time and the solid particles are allowed to move freely
in the whole computational domain. Fictitious boundary method (FBM) is used to treat the particles
inside the fluid, FBM takes account of the thermal and momentum interaction between the fluid and
the particles. The accuracy and stability of presented method are validated by comparing our test cases
results with the results reported in the available literature. Numerical tests are performed to show that
this method is potentially powerful and provides an efficient approach to simulate complex thermal con-
vective particulate flows with a large number of particles.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Particulate flows or motion of solid particles in fluids have a
wide range of industrial applications, such as fluidized suspen-
sions, lubricated transport, sedimentation, hydraulic fracturing of
reservoirs, slurry flow, paper pulp, food products etc. These types
of flows are common in many natural processes such as sand or
dust particles in air blown by the wind, ocean current interaction
with offshore structures, lava flow and sedimentation in estuary
etc. Particulate flows in biological processes have been a subject
of great importance with research contributions coming from the
field of biology, chemistry, physics, engineering, and mathematics.
The sedimentation of suspended particles has a great importance
in the chemical, petroleum, paper pulp, wastewater, food, pharma-
ceutical, ceramic and other industries as a way of separating parti-
cles from the fluid as well as separating particles of different types
settling with different speeds. Here we are particularly interested
in the gravitational settling of particles with convection heat
transfer.

Particulate flows are quite complex and hard to simulate
numerically because frequent generation and deformation of the
computational grid are required in many cases when the particle
boundaries are complex and moving with time. The problem
becomes more complex in the case with a large number of particles
due to fluid-particle interaction as well as due to particle-particle
and particle-wall collisions. Rapid advancements in computational
power make the direct numerical simulation (DNS), an important
and practical tool to study particulate flow mechanism. It treats
the fluid and solid objects separately. The DNS approach is based
on Navier–Stokes equation for the fluid and equations of rigid body
motion for particles. A variety of DNS numerical schemes have
been proposed over the past decade to simulate fluid-particle flow
problems. These methods are broadly classified into two types, one
is based on Lagrangian approach while other is a Eulerian
approach. In Lagrangian approach, the mesh moves and follows
the moving boundaries of the particles in the fluid. Since the
motion of the mesh can be defined arbitrarily within the fluid,
therefore this approach is usually called Arbitrary Lagrangian Eule-
rian (ALE). Hu et al. [14,15], Maury [12,13] and Feng et al. [16] have
used the ALE method to study particulate flows. ALE method nor-
mally requires generating a new mesh at every time step in the
case of moving particles, so it is computationally expensive espe-
cially for the simulations of problems with large number of
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particles. Whereas the Eulerian approach is more efficient than the
Lagrangian one but the resulting accuracy is often not as clear as in
case of Lagrangian. Therefore, the overall objective is to deal with
the moving boundaries in the fluid, improve the accuracy of the
numerical approximation and reduce the computational cost. Eule-
rian methods do not require re-meshing, a fixed Cartesian mesh is
required which covers the whole computational domain compris-
ing of both particles and fluid. Peskin [17] introduced immersed
boundary method (IBM), based on a Eulerian approach to study
fluid-solid interaction problems. Similar to IBM, Glowinski et al.
[7,18,19] developed a finite element fictitious domain method to
simulate fluid-particle flow problems. Turek et al. [1,2,3,10] pre-
sented a multigrid finite element fictitious boundary method
(FBM) for the simulation of particulate flows. In recent past, many
hybrid methods have been developed to simulate sedimentation of
suspended particles in fluid, For example, lattice Boltzmann
method (LBM) is coupled with other numerical methods, such as
IBM [27], Finite Element Method (FEM) [28] and Discrete Element
Method (DEM) [29]. Sun et al. [31] and Hager et al. [30] used
another hybrid method CFD-DEM, in which computational fluid
dynamics (CFD) is coupled with DEM for the study of sediment
transport.

Although, heat transfer in particulate flows is involved in many
industrial applications, yet only a few results are found in the liter-
ature. Among the reported studies, Kim et al. [35] proposed an
Immersed Boundary Method (IBM) in context of a Finite Volume
(FV) fixed grid scheme for the solution of heat transfer in complex
two-dimensional geometries without considering the solid-phase
motion. Pacheco et al. [25] also presented FV-IB method with a
non-staggeredgrid technique for heat transfer andfluid flowaround
fixed particles. Demirdžić et al. [24] used finite volume non-
orthogonal boundary-fitted grids to study the thermal convection
around fixed solid-phase. Gan et al. [20,21] used ALE scheme for
the simulations of two-dimensional particle sedimentationproblem
with heat transfer between particles and the surrounding fluid. Yu
et al. [22] employed fictitious domain method to solve particulate
flow problem and extended it to study heat convection at the inter-
face between the fluid and solid particles. Feng et al. [11,34,37]
developed finite volume IBM method for heat transfer between
the fluid and moving solid particles in particle-laden flows. The
numerical study of thermal convection in particulate flows has been
attempted by some other researchers as well [36,38,39].

In the present work, we apply the multi-grid FEM fictitious
boundary method [1,2,3,10,33] to simulate particle sedimentation
problems and extend this method to study heat transfer in solid-
liquid two-phase flows. The considerable advantage of multi-grid
FEM fictitious boundary method which makes it an efficient
scheme is that it is based on a fixed FEM background grid which
is independent of flow features, hence re-meshing is not required
with the edge of high convergence rate of the multi-grid solver.
By applying boundary conditions at the interface between fluid
and particles which become an additional constraint to the govern-
ing equations, so the fluid domain can be extended into the whole
domain which covers both fluid and particles.

This paper is organized as: in the second section, we present the
mathematical modeling and governing equations of the problem
and discussed fluid-particle interaction. The computational scheme
is described in the third section. The fourth section consists of
numerical experiments to check the validation of our method and
test its efficiency and potential to simulate real particulate flows.
The conclusion of the presented study is given in the final section.

2. Mathematical modeling

We consider the flow of N number of solid particles of mass
Miði ¼ 1;2; . . . ;NÞ in an incompressible Newtonian fluid, as shown

in Fig. 2.1. The density of the fluid is qf and its viscosity is m. Xf ðtÞ
and XiðtÞ denotes the domain occupied by the fluid and the ith par-
ticle at time t respectively.

where XT is the total domain and is given as,

XT ¼ Xf ðtÞ [XiðtÞ 8 i 2 ð1;2; . . . ;NÞ ð2:1Þ

XT as an entire computational domain is independent of t. As Xf and
Xi are always depended on time t we denote Xf ðtÞ ¼ Xf and
XiðtÞ ¼ Xi dropping t in the notations. Where @Xi represents the
boundary of the ith particle.

2.1. Fluid flow model

The motion of an incompressible fluid with density qf is gov-
erned by the equations of continuity, momentum, and energy in
the domain Xf as,

r � u ¼ 0 ðaÞ

qf
@u
@t

þ u � ru
� �

�r � r ¼ f ðbÞ

qf cf
@T
@t

þ u � rT
� �

¼ kfr2T 8 X 2 XT ðcÞ

ð2:2Þ

r is the total stress tensor in the fluid phase defined as,

r ¼ �pI þ lf ½ruþ ðruÞT �: ð2:3Þ

where u is the fluid velocity, p is the pressure, lf is the coefficient of
viscosity, f is the source term and I is the identity tensor. T is the
temperature, cf is specific heat and kf is the thermal conductivity
of the fluid.

2.2. Particle motion model

The rigid particles are free and allowed to move in the fluid
domain. The particles have both translational and rotational
motion under the action of gravity, forces due to fluid called hydro-
dynamic forces and collision forces due to interactions between
particle-particle or particle-wall. The motion of solid particles is
governed by the Newton-Euler equations [2,9], i.e. if U i and xi

are the translational and angular velocities of the ith particle
respectively, then the particle must satisfy the following equations,

mi
dU i

dt
¼ ðDmiÞg þ F i þ F 0

i; Ii
dxi

dt
þxi � ðIixiÞ ¼ si; ð2:4Þ

where Mi is the mass of the ith particle and if Mf is the mass of fluid
occupying the same volume asMi then DMi is given by the mass dif-
ference between the mass of the ith particle Mi and the mass of the
fluid Mf ,

DMi ¼ Mi �Mf ; ð2:5Þ
F i represents resultant hydrodynamic i.e. drag and lift forces

acting on the ith particle, F 0
i are the collision forces acting on the

ith particle due to particle-particle and particle-wall collision, Ii

Fig. 2.1. Rigid particle and fluid.
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