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a b s t r a c t

As a significant principle to guide the optimization design of fractal tree-like network, Murray’s law is
obtained under the assumption of neglecting surface charge at the solid-liquid interface. However, sur-
face charge should be considered due to the surface charge-induced electroviscous effect on the fluid flow
over the micro/nanoscale. The present work carries out the optimization analysis of fractal tree-like
microchannel network for electroviscous flow to realize minimum hydraulic resistance under the con-
straint of constant channel volume by considering the surface charge. It is found that the surface charge
significantly modifies the conventional Murray’s law. Both zeta potential to manifest surface charge and
microchannel radius make non-monotonic effects on the optimal radius ratio between the daughter
channel and the parent channel for the electroviscous flow in the fractal tree-like microchannel network
to achieve a minimum hydraulic resistance. These non–monotonic effects are related to the apparent
electro-viscosity in the microchannel with different channel radius and different zeta potential.
Additionally, the optimal radius ratio is found to be linearly dependent on both the ratio of apparent
electro-viscosities of electroviscous flow in the microchannels at the two successive branching levels
and the length ratio of the microchannels at two successive branching levels.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Inspired by tree-like topological structures (such as leaf veins of
plants or tree branches) abundant in nature [1–3], tree-like
branched networks have been paid comprehensive scientific atten-
tions and widely used in various fields [4–10]. For example, the
microchannel heat sink with fractal tree-like channel layout is
found to have a better convective heat transfer performance and
temperature uniformity compared to the conventional parallel
microchannel heat sink [6–8].

In order to achieve optimal heat and mass transfer perfor-
mances, the dimensional parameters and structural parameters of
the tree-like branched network should be explicitly designed. Mur-
ray’s law is a well-accepted optimization principle to guide the
optimal design of tree-like branched networks for better heat and
mass transfer performances [10–15]. For a self-similar one-to-
multi branched structure with one parent branch and N daughter
branches, theMurray’s law can be generally expressed as following.

bm ¼ ND ð1Þ

where bm is optimal radius ratio between the daughter branch and
the parent branch, and D is a constant relating to different applica-
tions. For example, D is �1/3 for laminar flow and �7/3 for turbu-
lent flow to reach a minimum hydraulic resistance, and �1/2 for the
heat conduction to reach a maximum thermal conductivity [10–15].

Although Murray’s law can be used to guide the optimal design
of a tree-like channel network for fluid flow to reach a minimum
hydraulic resistance in a simple manner of Eq. (1), it was obtained
under the assumption of neglecting solid-liquid interfacial proper-
ties. For the macrochannel network, the neglecting of interfacial
properties may be reasonable, however, for the microchannel net-
work, it is believed that some interfacial properties play significant
roles on the microfluidic flow and should be considered [16–21].
Among many interfacial properties, surface charge at solid-liquid
interfaces is the one should be considered during the analysis of
the fluid flow in a single microchannel or a complicated
microchannel network.

When a given solid surface is brought into contact with an elec-
trolyte solution, the solid-liquid interface can be spontaneously
charged due to different mechanisms, and the surface charge den-
sity varies with different solid-liquid interface [22–24]. Then, the
surface charge causes redistribution of ions in the electrolyte solu-
tion and results in the formation of a so-called electric double layer
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(EDL) adjacent to the solid-liquid interface. When the electrolyte
solution in a microchannel is driven by an external pressure to
flow, the EDL within the liquid will exert an additional electrical
body force in the opposite direction of the driven pressure on the
fluid flow and reduce the flow velocity. This effect of surface
charge-induced EDL on the pressure-driven flow in the microchan-
nel is called electroviscous effect [24]. The electroviscous flow both
in a single microchannel with different cross-sectional shape and
in a complicated microchannel networks have been studied
[17–20,24–30]. However, most of the previous studies focused on
the fluidic behavior (including pressure drop, velocity, electrical
potential, electric current, etc.) of the electroviscous flow in a
microchannel networks, there is less study on the optimization
analysis of the microchannel network for the electroviscous flow
to reach a minimum hydraulic resistance.

To solve this problem, the present work carries out the opti-
mization analysis of the fractal tree-like microchannel network
for the electroviscous flow to reach a minimum hydraulic resis-
tance by considering the surface charge at the solid-liquid inter-
face. Furthermore, effects of zeta potential manifesting surface
charge at the solid-liquid interface, the branching number and
the dimensional parameters including the length ratio of
microchannels at two successive branching levels and the radius
of microchannel at the initial branching level on the optimal
tree-like microchannel network to reach a minimum hydraulic
resistance are studied and analyzed.

2. Generation of a self-similar fractal tree-like microchannel
network

In present work, fractal tree-like microchannel network with
self-similarity is used and all the microchannels are assumed to
be in cylindrical shape. Being similar to the literatures [10,14],
the self-similar fractal tree-like microchannel network is generated
in the following manner. (1) Give a single microchannel at the 0th
branching level with the fixed radius R0 and length L0. (2) From the
0th branching level, every microchannel is divided into N
microchannel with the same radius and length at the next branch-
ing level. (3) The radius and length of every newly-generated
microchannel satisfy the following scaling law.

c ¼ lkþ1=lk
b ¼ Rkþ1=Rk

�
ðk ¼ 0;1;2 . . . . . . ;mÞ ð2Þ

where c is the ratio between the length lk+1 of the microchannel at
the (k + 1)th level and the length lk of the microchannel at the kth
level, b is the ratio between the radius Rk+1 of microchannel at the
(k + 1)th level and the radius Rk of the microchannel at the kth level,
and m is the maximum branching level of the fractal tree-like net-
work. Based on the above generation law, a typical self-similar frac-
tal tree-like microchannel network with N = 2 andm = 2 is shown in
Fig. 1. The simplified schematic of electroviscous flow induced by
surface charge at the solid-liquid interface is also given in Fig. 1.

Furthermore, considering the radius and length of the
microchannel at the 0th level is known, the radius and length of
the microchannel at any branching level can be expressed as
following.

lk ¼ l0ck

Rk ¼ R0b
k

(
ð3Þ

3. Electroviscous flow in fractal tree-like microchannel network

To analyze the electroviscous flow in a fractal tree-like
microchannel network, the following assumptions are made. (1)
The electroviscous flow in every single microchannel is

incompressible, laminar and fully-developed Newtonian flow; (2)
although the junctions inevitably increase the total hydraulic resis-
tance, here, the hydrodynamic development lengths is assumed to
be very small compared to the length of the straight channels, then,
effect of junctions on the hydraulic resistance can be neglected.
This assumption is similar to previous studies [4–6]; (3) the surface
charge at any solid-liquid interface keeps constant and uniform.
Based on the above assumptions, the hydraulic resistance RHk of
electroviscous flow in a single microchannel at kth branching level
can be expressed as [25–27,31],

RHk ¼ 8leklk
pR4

k

ð4Þ

where lek is the apparent electro-viscosity of the electroviscous
flow in a single microchannel at kth branching level. The apparent
electro-viscosity can be obtained from previous studies [25–27].
In present work, the apparent electro-viscosity is expressed as fol-
lowing [26,27].

lek ¼ l 1� 8b�ðef=kbTÞ2ð1� GÞF
jRkð Þ2

" #�1

ð5Þ

where l is the dynamic viscosity of the liquid, f is zeta potential to
manifest the surface charge, j = (8pn0e2/ekbT)1/2 is the Debye-
Hückel parameter [26,27], n0 is the liquid bulk ionic concentration,
e is the elementary charge, e is the liquid dielectric constant, kb is
the Boltzmann constant, T is the absolute temperature of the liquid,
b⁄ = (e2kb2T2j2/16p2lke2) is a dimensionless parameter related to
the liquid properties, k is the liquid electrical conductivity, and G
and F are functions of Rk and f, which can be found from previous
reported studies [26,27].

Obviously, the apparent electro-viscosity is related to channel
radius, zeta potential, electrical potential distribution within the
EDL and properties of liquid, etc. The apparent electro-viscosity
shows a non-monotonous variation with both the channel radius
and the zeta potential. The electro-viscosity increases and then
decreases with the increasing channel radius and the increasing
zeta potential [17–19,25–27]. Thus, the electroviscous flow in a

Fig. 1. A self-similar fractal tree-like microchannel network with N = 2 and m = 2
and simplified schematic of electroviscous flow in any microchannel induced by
surface charge.
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