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a b s t r a c t

For low Prandtl-number fluids, heat-transfer characteristics under the influence of the aspect ratio for
buoyancy-driven recirculating flows in rectangular enclosures (with left hot, right cold, top/bottom insu-
lated walls) behave differently from those for high-Pr fluids. At Ra ¼ 106 and Pr ¼ 0:025, as the enclosure
widens, time-averaged and hot-wall-spatially-averaged heat transfer first decreases, then cascades
downward. Locally, heat transfer peaks at a few locations, and these peaks travel cyclically as time
elapses. For completeness, the present study serves as a sequel of a previous high-Pr investigation.

� 2018 Published by Elsevier Ltd.

1. Introduction

Natural convection in rectangular enclosures has attracted con-
siderable attention due to its engineering and science applications
in a wide range, such as geophysics, meteorology, chemical and
food processing, solar and nuclear power systems, and Czochralski
crystal growth among others. Since the aspect ratio (AR) of enclo-
sures can significantly affect both hydrodynamic and thermal char-
acteristics in these phenomena for relatively high-Pr’s, much effort
has been devoted to studying variations of either the enclosure
width [1,2] or the enclosure height [3–24].

Wang et al. [1] have focused on the aspect ratio AR in the range
of 103 6 Ra 6 106;0 < AR 6 1:5, and 0:707 6 Pr 6 10000, and have
discovered that the average Nusselt number exhibits mildly zigzag
behaviors as the enclosure widens. Lamsaadi et al. [2] have studied
heat transfer characteristics for constant heat flux in wider hori-
zontal rectangular cavities while stressing non-Newtonian
power-law fluids and various enclosure widths. Elder [3] has con-
ducted a comprehensive experimental investigation of a liquid in a

rectangular cavities with parameters prescribed in the range of
Ra < 108; L 6 H 6 60L and Pr ¼ 1000, in three noticeable regimes.
Analytically empirical expressions for different Nusselt numbers
associated with tall cavities have been proposed Bejan [4], whose
results are consistent well with experimental data [3] and numer-
ical solutions [5]. Both experimental and numerical studies [6–16]
for recirculating flows in tall cavities continued to be investigated.
Cormack et al. have analytically [17] and numerically [18] investi-
gated free convection in shallow rectangular enclosures. For pre-
dicting heat transfer in shallow enclosures, Bejan and Tien [19]
have developed comprehensive analytical results for Nusselt num-
bers corresponding to parallel-flow regime, intermediate-flow
regime, and boundary-layer regime, and have demonstrated that
their analysis adequately predicted experimental [20] and numer-
ical [17] studies. An experimental investigation with differentially-
heated side walls in a water-filled enclosure has been studied by
Bejan et al. [21], who have established a limiting condition in
which convection starts to play a critical role in the thermal trans-
port. Recently, Turan et al. successively focused on height effects in
laminar natural convection of different fluids [22–24], in rectangu-
lar cavities with differentially-heated side walls for a range of var-
ious values of Rayleigh number for 0:125L 6 H 6 8L.

In the regime of low Pr’s, by contrast, most investigations focus
on oscillatory instability [25–35]. Busse [25] has investigated the
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instability of convection rolls in a fluid layer heated from below for
stress-free boundaries in the limit of small Prandtl number. Hurle
et al. [26] have experimentally studied a differentially-heated-boat
natural convection problem for molten gallium. In [27], Hart has
analyzed the stability of shallow Hadley circulating low-Pr flows
contained in a shallow slot. Winters [28] has carried out studies
regarding the Pr effect, aspect ratio effect and boundary effect of
oscillatory convection in liquid metals in a 2D rectangular enclo-
sure. Kamakura et al. [29] have numerically investigated the oscil-
latory phenomena in natural convection of low-Pr fluids in a
rectangular cavity with horizontal temperature gradient at
Pr ¼ 0:01. In [30], Crunkleton et al. have numerically computed
the transition from steady to oscillatory flow for Pr ¼ 0:008 in rect-
angular enclosures. Hung et al. [31] have reported the detailed
experimental study of transitions in the convection of a low-Pr
fluid driven by a horizontal temperature gradient. Kamotani et al.
[32] have focused on three-dimensional effects of oscillatory con-
vections development in rectangular enclosure filled mercury flu-
ids for Gr > 107. Wakitani et al. [33] have numerically
investigated dependence of the onset of oscillation on Pr’s, the
aspect ratio (AR), and the width ratio (WR) for 3D natural convec-
tion at low Pr’s from 0 to 0.027 in rectangular enclosures with dif-
ferentially heated vertical walls. Afrid and Zebib [34] have
obtained numerical results for a zero-Pr fluid in an enclosure with
AR ¼ 4, and WR ¼ 1 or 2. They have established the pattern of
three-dimensional convection and determined the critical value
of the Grashof number for the onset of oscillation. Vedantam
et al. [35] have investigated the effect of two large AR’s (5 and
10) on low-Pr fluids oscillatory behaviors of the Nu for 3D
Rayleigh-Bénard convection in a rectangular enclosure. Besides, a
small number of investigators have focused on bifurcations and
chaos [36–39] for low-Pr fluids.

In the present work at Pr ¼ 0:025, we have discovered cascade-
like behaviors of the Nuavg in the AR domain and cyclic character-
istics of the peak of Nu in the time domain. For the former, we have
managed to identify four regimes and the associated mechanism.
For the latter, we have summarized these intriguing phenomena
and share this summary with readers. At the same time, the
proposed study serves as the sequel of Ref. [1], thus completing a

comprehensive aspect-ratio-related study of buoyancy-driven
recirculating flows for the entire range of Pr.

2. Numerical model

Consider buoyancy-driven recirculating flows for low-Pr-
number fluids (with thermophysical properties listed in Table 1
for mercury) shown in Fig. 1(a), accompanied by a typical finite-
element grid (Fig. 1(b)).

2.1. Governing equations as well as associated initial and boundary
conditions

Continuity, Navier-Stokes momenta, and energy transport are
governed by
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and the equation of state

Nomenclature

DT temperature difference between hot wall and cold wall
(¼ Th � Tc;K)

Dt two end times of a time interval that covers approxi-
mately ten cycles (¼ t2 � t1; s)

Nuavg time-averaged and hot-wall-spatially-averaged Nusselt
number based on H

Qcd time-averaged space-averaged conductive flux along y
direction (W=m2)

Qcv time-averaged space-averaged convective flux along y
direction (W=m2)

QT time-averaged space-averaged total energy flux along y
direction (W=m2)

AR aspect ratio based on H (¼ L=H)
cp specific heat capacity with pressure kept constant

(J=ðkg KÞ)
g gravitational acceleration (m=s2)
H height of the rectangular enclosure (m)
h local heat transfer coefficient (W=ðm2 KÞ)
k thermal conductivity (W=ðm KÞ)
L width of the rectangular enclosure (m)
NuðyÞ local Nusselt number on the hot wall (¼ hH=k)
Nuavg hot-wall-spatially-averaged Nusselt number based on H

p pressure (Pa)
Pr Prandtl number (¼ m=a)
Ra Rayleigh number based on H (¼ gbH3MT=ðmaÞ)
T temperature (K)
t time (s)
u x-direction velocity (m=s)
v y-direction velocity (m=s)
x x coordinate (m)
y y coordinate (m)

Greek symbols
a thermal diffusivity (m2=s)
b thermal-expansion coefficient (1=K)
l viscosity (kg=ðm sÞ)
m kinematic viscosity (m2=s)
q density (kg=m3)

Subscripts
h hot
c cold
i initial

Table 1
Thermophysical properties of mercury at 20 �C.

Properties Mercury

cp ðJ=kg KÞ 139:52

q ðkg=m3Þ 13580:75

l� 103 ðkg=ðm sÞÞ 1:55

k ðW=m KÞ 8:698

b� 104 ð1=KÞ 1:803

a� 107 ðm2=sÞ 45:905

Pr 0:025
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