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a b s t r a c t

In this paper, the growth direction selection of tilted dendritic arrays in directional solidification over a
wide range of pulling velocity was investigated by using a thin-interface phase-field model. A systematic
convergence study with respect to the interface width for various pulling velocities was first carried out
to keep simulated results that are independent of interface width. In our simulations, all data points
effectively collapse to the DGP (Deschamps, Georgelin, and Pocheau) law (Phys Rev E 78 (2008)
011605-1-13) for lower pulling velocities while numerical results departure from the DGP law for higher
pulling velocity. Based on the data from phase-field simulations, we discussed the dependence of the
coefficients f and g in DGP law on l (l = Vp/Vc) for a fixed misorientation angle. The dendritic tip shapes
of tilted and non-tilted dendrites were compared, and the evolution of tip radius with the variation of Vp

was studied. Then, we discuss the reason why our numerical results departure from the DGP law for lar-
ger pulling velocities based on the variation of dendritic tip radius with the increase of the pulling veloc-
ity for a given Péclet number.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In directional solidification, the melt is forced to solidify at a
constant pulling velocity Vp through a fixed temperature gradient
G [1]. Once the constitutional undercooling ahead of the solidifying
front overcomes the interface-stabilizing thermal gradient, the
dendritic structures originating from the well-known Mullins-
Sekerka instability [2] arise at the solid–liquid interface when the
pulling velocity is above a critical pulling speed. Since the dendritic
structures have a strong influence on the mechanical properties of
the solidified casting, understanding of its growth dynamics is of
major scientific and technological interests [1]. The characteriza-
tion of the preferred crystallographic direction is one of the most
important aspects of the growth of the dendritic arrays. There
are two specific directions having influence on the growth and evo-
lution of dendritic arrays: the thermal gradient direction and the
preferred crystallographic direction. When the two directions dif-
fer, the competition between them determines the real growth
direction of the dendritic arrays as well as interfacial morpholo-

gies. Experiment conducted in thin samples of transparent organic
alloys is a particularly suitable tool to study the growth direction
selection of dendritic arrays due to the allowable direct observa-
tion of the interfacial morphological evolution by an optical micro-
scopy [3]. Previous experimental investigations [4–9] show that
the real growth direction of dendritic arrays undergoes a continu-
ous variation from the thermal gradient direction to the preferred
crystalline orientation as well as the dramatic changes of interfa-
cial morphologies with the increase of the pulling velocity. In thin
sample experiments of directional solidification of CBr4-C2Cl6, Aka-
matsu and Ihle [6] firstly found that the real growth direction
depends on the Péclet number (Pe = VpK/Dl, where K is primary
spacing, Vp pulling velocity, and Dl the solute diffusivity in the liq-
uid). However, a quantitative relationship between the real growth
direction and the Péclet number is not given. Through carrying out
systematic thin sample experiments of directional solidification of
a succinonitrile-ethylene alloy over a range of pulling velocity,
Deschamps et al. [9] correlated the real growth direction angle H
(the angle between the growth direction of dendritic arrays and
the thermal gradient direction) to both the misorientation angle
H0 and the Péclet number Pe (Pe = VGK/Dl, where VG is the pulling
velocity projected on the thermal gradient direction) according to
the DGP law,
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H ¼ H0 �H0 1þ f ðH0ÞPeg½ ��1
; ð1Þ

with

f ðH0Þ ¼ a 1� H0=Hmð Þb
h i

; ð2Þ

with a = 1.1, b = 4,Hm = 46� and g = 1.25. This law indicates that the
real growth direction angle H versus the Péclet number Pe yields a
common non-linear function, i.e.,H? 0 for Pe? 0 andH?H0 for
a relatively large Pe. Hence, the DGP law describes the continuous
variation of dendritic growth direction from the thermal gradient
direction to the preferred crystalline orientation observed in exper-
iments. Experimental results by Akamatsu and Ihle [6] show that
values of the coefficients f and g are f(34.5�) � 0.64, f(43.6�) � 0.47
and g � 1.6 for CBr4-C2Cl6, which are comparable to the results by
Deschamps et al. [7–9]. With the help of the development of the
numerical methods, the growth direction selection of dendritic
arrays has been investigated in two- and three-dimensional
systems [6,10–14]. Although Ghmadh et al. [12] found that three-
dimensional simulations are necessary for obtaining accurate
quantitative predications by comparing experimental results and
phase-field simulations, it was shown that a good agreement with
experiments can be also provided by two-dimensional simulations.
Two-dimensional phase-field simulations for a wide range of
misorientation angles by Tourret and Karma [14] show that the
dendritic growth direction can be modeled by the DGP law with
different values of the coefficients f and g.

However, we cannot avoid the limitation of the DGP law. Firstly,
the effect of the surface tension anisotropy (properties of materi-
als) on the growth direction selection is not involved in the DGP
law; secondly, whether the coefficients f and g vary over a wider
range of pulling velocity is still unclear. Previous numerical work
show that the coefficients f and g depend sensitively on the alloy
parameters [6,13]. Two-dimensional phase-field simulations offer
f(30�) � 0.76 and g � 1.47 for a Ni-based alloy [11] and f(30�) �
0.2 and g � 1.925 for an Al-based alloy [13] at relatively large pull-
ing velocities. In our previous work [15], the dependence of f and g
in the DGP law on e4 was systematically investigated for a wide
range of H0 to extend the DGP law, showing that both coefficients
f and g indeed can be expressed as a nonlinear function of e4. Fur-
thermore, for a wider range of pulling velocity, it was found that f
decreases and g increases with the decrease of pulling velocity.
Indeed, this finding challenges the factor that the growth direction
solely depends on the Péclet number. Therefore, while the growth
direction selection of dendritic arrays is not a very novel topic, the
quantitative description of the growth direction selection for a
wide range of pulling velocity is more complex than what we pre-
viously expected. Motivated by our previous finding, we shed light
on the growth direction selection of dendritic arrays in directional
solidification over a wide range of pulling velocity through two-
dimensional phase-field simulations. The remainder of this paper
is organized as follows: firstly, we briefly describe the thin-
interface phase-field model, and a convergence study with respect
to the coupling constant k for various pulling velocities is carried
out in Section 2. In Section 3, we present our numerical results. A
discussion of the results is given in Section 3. The conclusions of
this study are presented in Section 4.

2. Model descriptions and convergence study

We use the thin-interface phase-field model of dilute-alloy
directional solidification by Karma [16] and Echebarria et al. [17]
to investigate tilted growth of dendritic arrays over a wide range
of pulling velocity. In this model, the added anti-trapping term
recovers local equilibrium at the interface and eliminates spurious
effects due to the diffuse interface. Detailed derivation of this

model can be found in the Ref. [17]. For simplicity, we neglect
the diffusion in the solid. Since the latent heat production is
neglected, for convenience, the so-called ‘‘frozen temperature
approximation” is used here for the directional solidification, T =
Tref + G(z � Vpt), where Tref is a reference temperature. Our phase-
field simulations will be compared with the experimental work
by Deschamps et al. [9]. In their experiments, the object is a nearly
pure but actually not pure transparent plastic crystal, the succi-
nonitrile. An NMR study reveals that the dominant impurity
involves an ethylenic chemical bond. Therefore, the impure alloy
can be considered as a very dilute alloy. In experiments, it is very
difficult to determine the real impurity concentration. However,
systematic experimental studies can provide: solute partition coef-
ficient k and mc0, where m is the liquidus slope, c0 is the solutal
concentration [3]. Therefore, in our simulations, solute partition
coefficient k = 0.29, the product of the liquidus slope and solutal
concentation |m|c0 = 2.0 K, liquid diffusion coefficient Dl = 1350
lm2/s, Gibbs–Thomson coefficient C = 0.0648 K�lm in order to
quantitatively compare our results with the DGP law [9]. The pull-
ing velocity Vp is in the range from 15 lm/s to 300 lm/s, and the
thermal gradient G is fixed at 0.014 K/lm unless otherwise noted.
In the constitutional undercooling approximation, the cellular-
threshold velocity Vc is calculated through Vc = DlG/|m(1/k � 1).
These solidification conditions put the system in dendritic regime.
For tilted dendrites, the misorientation angle is fixed at H0 = 30�
since larger misorientation angle may lead to seaweed patterns
[18]. The contribution of the misorientation angle has been shown
in Eq. (2). For impure succinonitrile (SCN) alloy system, the aniso-
tropy of the interfacial free energy e4 = 0.007 (0.7%) is generally
used in phase-field simulations (e.g. [12,19]).

Fig. 1 schematically shows the growth of tilted dendritic arrays
in directional solidification, where a presents the preferred crys-
talline direction, G is the thermal gradient, Vg the real growth
velocity whose direction is between the preferred crystallographic
direction and the thermal gradient direction, H0 the misorienta-
tion angle, H the real growth direction angle, K the spacing
between two dendrites. In this phase-field model, s0 and W0 are
the time and length scales, respectively. To avoid kinetic effects,
at least in the first order, W0 and s0 are linked with physical prop-
erties by two relations: W0 = d0k/a1 and s0 = a2kW0

2/Dl, where a1 =
0.8839 and a2 = 0.6267 are numerical constants, k is the coupling
constant between the phase-field and concentration equations,
d0 = C/(|m|c0(1 � k)/k) = 0.013 lm is the capillary length. Simula-
tions are carried out in two-dimensional systems with finite differ-
ence formulas on a fixed grid and time stepped with a simple Euler
scheme. The grid size Dx/W0 = 0.4 is used in all simulations. Peri-
odic boundary conditions are imposed to reduce the domain size.
The interface width is given by W0, and hence k is seen as the
numerical convergence parameter of this model.

A similar history results in a similar primary spacing in direc-
tional solidification of dendritic arrays [20,21]. Hence, a wide range
of primary spacing can be selected in the same solidification con-
dition. When the primary spacing is too low or too large, cell elim-
ination or tertiary branching may occur. Within this finite range of
primary spacing, adjustment of primary spacingK can be achieved
by varying the initial wavelength of the interface. Therefore, the
dynamical selection of primary spacing K in directional solidifica-
tion is not addressed here. Unlike the experimental set-ups in Ref.
[8–10], the direction of thermal gradient is parallel to the direction
of pulling velocity, and hence Pe = VGK/Dl = VpK/Dl. Details of com-
putational procedures can be found in Ref. [18]. Numerical simula-
tions by Chen et al. [22] show that the dendrite-to-seaweed
transition occurs once the artificial noise is sufficiently large.
Three-dimensional phase-field simulations by Ghmadh et al. [12]
show that results from numerical simulations with and without
noise are in agreement with the DGP law. Our previous work
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