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a b s t r a c t

We investigate the effect of interfacial anisotropy on the growth direction selection during directional
solidification of alloys by using the thin-interface phase-field model. A convergence study with respect
to the coupling constant k is carried out for the tilted growth of dendritic arrays with different values
of anisotropic to choose proper k in simulations. The influence of the artificial noise at the interface on
the growth direction selection is discussed. By analyzing the data from two-dimensional phase-field sim-
ulations, we discuss the dependence of the coefficients f and g in DGP law (Deschamps et al., 2008) on
anisotropic strength e4 for a wide range of misorientation angle H0 in order to extend the DGP law.
Results confirm that the coefficient f can be expressed as f ðH0; e4Þ � aðe4ÞvðH0Þ, where aðe4Þ is an
increasing function of e4 and vðH0Þ solely depends on H0 with a constant coefficient b. Meanwhile,
gðe4Þ is a decreasing function of e4, which can be modeled by a power-law function. Moreover, we com-
ment on the influence of the pulling velocity on the growth direction selection for a wider range of the
pulling velocity.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Directional solidification of alloys has been a well-accepted
paradigm for the investigation of competitive effects and the pat-
tern formation resulting from the morphological instability in
non-equilibrium systems for many years [1,2]. In this generic
experiment, the alloy sample is pulled at a constant pulling veloc-
ity Vp through a fixed temperature gradient G. When the pulling
velocity exceeds a critical velocity, the initial planar interface
becomes unstable, as described by the well-known Mullins–Sek-
erka instability [3], giving rise to cellular or dendritic arrays. The
competition between two specific directions determines the
growth direction of dendritic arrays: the thermal gradient direc-
tion that is defined at a macroscopic level from the experimental
set-up and the preferred crystalline orientation that is determined
at a microscopic level by the grain orientation [4]. Once the two
specific directions differ, the growth direction of dendritic arrays
approaches to the preferred crystalline orientation from the ther-
mal gradient direction as well as the dramatic changes of interfa-
cial morphologies as the pulling velocity is increased [4–15]. The

tilted growth of dendritic arrays and their growth direction selec-
tion have received much attention due to the dramatic influence
on the mechanical properties of the casting products. Understand-
ing the mechanism of the growth direction selection in directional
solidification is crucial for controlling growth patterns and opti-
mizing the mechanical properties of alloys casting for a wide range
of applications, especially the grains competition and selection
[13–15].

Because the thermal gradient varies slightly near the dendritic
tip, the slow solute diffusion process dominates the selection of
the growth direction while the thermal gradient does not play an
important role in that. The solute diffusion is restricted by the
Gibbs–Thomson relation with the anisotropic surface tension,
yielding

cl=c0l ¼ 1� ð1� kÞd0j 1� 15e4 cos 4ðw�H0Þ½ � � ð1
� kÞ z� Vpt

� �
=lT ; ð1Þ

where cl is the concentration at the liquid side of the interface,
c0l ¼ c1=k the concentration on the liquid side of a growing
steady-state planar interface, c1 the average solute concentration,
k the partition coefficient, d0 the capillary length, j the interface
curvature, H0 the misorientation angle that is defined as the angle
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between the preferred crystalline orientation and the thermal gra-
dient direction, w the angle between the interface normal and the
thermal gradient, lT ¼ Dl=Vp the thermal length, Dl the solute diffu-
sion coefficient, and e4 the anisotropic strength of surface tension
for cubic crystals. Clearly, e4,H0 and Vp are important factors which
determine the solute distribution that is dominant in growth direc-
tion selection.

Previous experimental finding by Akamatsu and Ihle [7] shows
that the growth direction depends on the primary spacing K and
pulling velocity Vp. Through analyzing a large amount of data from
the experiments of thin samples of a succinonitrile-ethylene alloy,
Deschamps et al. [8] proposed a scale invariance with respect to
the primary Péclet number (Pe ¼ VGK=Dl, where VG is the pulling
velocity projected on thermal gradient direction), i.e., the DGP
law, which yields

H=H0 ¼ 1� 1þ f ðH0ÞPeg½ ��1
; ð2Þ

with f ðH0Þ ¼ a 1� ðH0=HmÞb
h i

; ð3Þ

where H is the angle between the growth direction of dendritic
arrays and the thermal gradient direction, representing the real
growth direction of the crystal, also known as the tilted angle, f is
a function of H0, Hm is a constant, a, b and g are fitting parameters.
This law presents that the real growth direction is a common non-
linear function of the Péclet number: H=H0 ! 0 when Pe ! 0 and
H=H0 ! 1 when Pe is relatively large. However, the limitation of
the DGP law should not be ignored: it is obtained in experiments
of SCN based transparent model alloys. Whether the growth direc-
tion of dendritic arrays with higher surface tension anisotropy fol-
lows the DGP law is still unclear.

Numerical methods, especially the phase-field method, have
been widely used to study the growth direction selection of den-
dritic arrays in two- and three-dimensional systems [7,9–15]. Pre-
dicted results [9] show that the tilted angle increases with the
increase of the pulling velocity. Li et al. [10] tested the reliability
of the phase-field simulations for the growth direction selection
of dendritic arrays in Ni-based alloys, qualitatively reproducing
the DGP law in the case of H0 ¼ 30�. Xing et al. [11] investigated
the asymmetrical morphologies of dendritic shapes and the role
of the misorientation angle on the selection mechanisms of pri-
mary spacing. Comparisons between experimental results and
phase-field simulations by Ghmadh et al. [12] indicate that
three-dimensional simulations are helpful for more accurate quan-
titative results. Tourret and Karma [13] carried out two-
dimensional phase-field simulations for a wide range of misorien-
tation angle, highlighting that the thermal gradient influences the
dendritic growth direction through its major influence on the pri-
mary spacing. As shown in Eq. (1), the anisotropic strength of sur-
face tension can also influence the growth direction selection and
morphologies of tilted dendritic arrays in directional solidification
of alloys. Previous numerical simulations [7,11] show that the
growth direction rotates to the preferred crystalline orientation
as the anisotropic strength is increased. Hence, the dependence
of f and g in the DGP law on e4 needs to be systematically investi-
gated for a wide range of H0. Understanding this can provide the
insight into what alloy and control parameters influence the
growth direction selection. However, relevant study is scarce. In
the following sections, we examine the dependence of the coeffi-
cients f and g in DGP law on anisotropic strength e4 through
two-dimensional phase-field simulations in order to extend the
DGP law into the dendritic growth direction selection of other
alloys system. The remainder of this paper is organized as follows.
In Section 2, we briefly summarize the thin-interface phase-field
model, and a convergence study with respect to the coupling con-
stant k for different anisotropic strength is carried out. Our results

are presented and discussed in Section 3. The role of the artificial
noise at the interface on the growth direction selection is investi-
gated. According to the data from numerical simulations, we show
the morphological transition and the dependence of f and g in DGP
law on e4 for a wide range of misorientation angles. The DGP law is
extended based on the data analysis. We also discuss the influence
of the pulling velocity on the growth direction selection for a wide
range of pulling velocity in this section. The conclusions of this
study are presented in Section 4.

2. Model descriptions and convergence study

The thin-interface phase-field model [16,17] is adopted here to
investigate tilted growth of dendritic arrays with different aniso-
tropic strength in directional solidification. The anti-trapping term
is added to recover local equilibrium at the interface and eliminate
spurious effects [16]. This model has been successfully used in
solidification of alloys under various conditions [11–18]. Detailed
derivations and validations of this model can be found in the Ref.
[17]. It is proved that this model can provide quantitative results
to compare with theoretical solutions. We choose Al-3 wt% Cu as
the numerical calculation object, and its properties and parameters
as follows: m ¼ �2:6 K=wt%, Dl ¼ 3000 lm2=s, C ¼ 0:24 K � lm,
and k ¼ 0:14. The diffusion in the solid is neglected. Moreover,
the latent heat production is neglected, and hence the so-called
‘‘frozen temperature approximation” is adopted for the directional
solidification

T ¼ T0 þ Gðz� VptÞ; ð4Þ
where T0 is a reference temperature. In this model, the scalar field
/ðr; tÞ takes on the values / ¼ 1 in the solid phase, / ¼ �1 in the
liquid phase and varies continuously across the interface. The solute
concentration field cðr; tÞ is characterized by a dimensionless super-
saturation field U ¼ ðð2kc=c1Þ= 1þ k� ð1� kÞ/½ � � 1Þ=ð1� kÞ with
respect to ðc0l ; T0Þ. The anisotropy function of cubic crystals can be
expressed as

Aðw�H0Þ ¼ 1þ e4 cos 4ðw�H0Þ ð5Þ
in two-dimensional systems. For Al-3 wt% Cu, experiments show
that the anisotropic surface tension is e4 ¼ 0:0101 [19]. To study
the effect of the anisotropic strength on the growth direction, the
range of the anisotropic strength e4 is from 0.0075 to 0.05 in our
work. s0 ¼ a2kW

2
0=Dl and W0 ¼ d0k=a1 are the time and length

scales, respectively, where a1 ¼ 0:8839 and a2 ¼ 0:6267, k the cou-
pling constant between the phase-field and concentration equa-
tions, d0 ¼ C= jmjð1� kÞc0l

� �
the capillary length. The interface

width is given by W0, and hence k is seen as a numerical conver-
gence parameter of this model.

The thermal gradient influences the growth direction selection
by its influence on the primary spacing [13]. Given the primary
spacing in each simulation, the thermal gradient is irrelevant with
the growth direction selection. In previous simulations of direc-
tional solidification of Al–Cu alloys [20], the thermal gradient
and pulling velocity are chosen as G ¼ 0:005 K=lm and
Vp ¼ 10 lm=s, respectively. In our work, a total of over 420 simu-
lations are carried out to study the anisotropic strength on the
growth direction selection for a large range of misorientation
angle. To decrease the primary dendrite spacing so as to reduce
the computational cost, a relatively large thermal gradient G and
pulling velocity Vp are specified, i.e., G ¼ 0:14 K=lm and
Vp ¼ 500 lm=s. Because the growth direction is a function of the
Péclet number, for convenience, the primary spacing K is given
by varying the initial wavelength of the interface. Microstructure
instabilities of cell elimination or tertiary branching will be
encountered at too low or large primary spacing, respectively. In
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