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a b s t r a c t

Metallic thermal protection system (MTPS) is being investigated more popular in present. In preliminary
design, the MTPS can be simplified as a multilayer plate, and a one-dimensional transient heat transfer
analysis is commonly used to size the thickness of MTPS. A novel approximate analytical method based
on separation of variables and orthogonal expansion technique is presented for temperature prediction
through MTPS subjected to convection and radiation boundary conditions, which considers the effects
of temperature-dependent thermal material properties. The proposed method applies a set of linear func-
tions with space-variable to describe the distribution of thermal diffusivity through the thickness direc-
tion, and it adopts a numerical solution dividing the whole process of heat transfer into a chosen number
of time steps to solve the problem of boundary conditions variation with time. An advanced linearized
approximation for radiation boundary condition is developed for modified use with the analytical model.
Implementation of the proposed method is demonstrated by applying it to determine the problem of
nonlinear transient heat transfer through a MTPS made of Titanium 6-4 and Saffil, and a good agreement
is presented by comparing with the finite element method (FEM) results.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The technology development conducts the future launch vehi-
cle to be durable, operable and cost effective. This means that
the thermal protection structure not only be able to withstand seri-
ous temperature induced by aero-heating during launch and re-
entry process, but also should be required to be lightweight and
easily maintained. Because the traditional thermal protection sys-
tem cannot satisfy these requirements, MTPS have been developed
to meet these goals [1].

In order to reduce the weight of MTPS, an accurate transient
heat transfer analysis is essential to be applied, as it can avoid
the conservative design by comparison with a steady state analysis
[2]. In addition, a high temperature field induced by serious bound-
ary conditions through the thickness of MTPS is given. Therefore,
the effects of temperature-dependent thermal material properties
cannot be ignored for the transient heat transfer calculation. The
aim of the paper is to find a fast and accurate method to solve
the nonlinear transient heat transfer for MTPS.

In general, a MTPS can be simplified as a multi-layered plate,
and each layer is assumed as homogeneous in preliminary design

[3], therefore, the one-dimensional solution of transient heat trans-
fer analysis for multi-layered system is used to predict the temper-
ature distribution of MTPS. The one-dimensional transient heat
transfer analysis can be solved by analytical methods or numerical
methods. Analytical methods can provide a better insight into the
physical significance of different parameters affecting the problem
that are difficult to be obtained from numerical solutions, hence it
is always useful in engineering analysis [4]. Otherwise, analytical
methods solving the one-dimensional heat transfer through
multi-layered plate gives further economy in comparison with
numerical methods [5].

Six analytical methods of performing one-dimensional transient
heat transfer problem has been presented by de Monte [6]. The
methods used by many researchers for analytical transient heat
transfer can be usually described as following four categories:
the Green function approach [7], the Laplace transform method
[8], the separating the variables technique [9] and the finite inte-
gral transform technique [10]. The technique of separating the
variables is popular for predicting the temperature distribution
through multi-layered plate [11]. Using this technique, de Monte
[6] developed a solution of transient heat transfer in one-
dimensional composite slab by using a ‘natural’ dimensionless ana-
lytic approach, and he also provided an analytic approach for the
unsteady heat transfer analysis [12,13]. Computing the eigenvalues
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to the heat transfer problem with taking into account the contribu-
tion of contact resistance was treated by Haji-Sheikh [14]. Based on
the work by Sun [15], a full series solution was developed for
impulsive heating by employing a ‘natural’ orthogonal relationship
between the eigenfunctions. These analytical solutions for multi-
layered plate cannot consider the radiation boundary condition,
which is known to play a significant role in many heat transfer
problems. For instance in Miller’s work [16], a linearization of
the radiation term is performed in a novel analytic approach for
heat transfer through multi-layered plate subjected to convection
and radiation boundary conditions, but the linearized approach is
limited by the ratio of surface temperature to ambient tempera-
ture. Moreover, in view of above-mentioned methods, an assump-
tion is established in study of transient heat transfer that considers
the thermal material properties are uniform along thickness of
each layer, therefore, it is feasible only in the case of thin layer.
However, the distribution of thermal material properties through
thickness direction is nonlinear, because of the insulation core of
MTPS is regarded as a thick layer and the thermal material proper-
ties are temperature-dependent.

Despite a number of analytic solutions have been presented for
transient heat transfer problems, only a few investigations can be
found for transient heat transfer in a multilayer plate with taking
into account the effects of temperature-dependent thermal mate-
rial properties. An analytic study of the two generalized forms of
the nonlinear heat conduction equation was investigated in Kabir’s
study [17]. Ferraiuolo [18] created a novel hybrid analytical/
numerical method to solve transient conduction problem for com-
posite slabs subjected to heat flux and radiation boundary condi-
tion, combining Green’s function approach with integral method,
and the method had the capability of taking into account the
effects of temperature-dependent thermal material properties,
but the thermal diffusivity was considered as uniform over the
phenomenological distance in each time step. Mustafa [19] devel-
oped a new method for generating approximate analytic solution
of nonlinear transient heat transfer problem based on a combina-
tion of Lie symmetry method, homotopy perturbation method,
finite element method, and simulation based error reduction tech-
niques, whereas this method was unable to predict the tempera-
ture distribution in multilayer plate and consider the radiation
boundary condition.

The present paper suggests an approximate analytic method to
deal with the nonlinear transient heat transfer for MTPS subjected
to convection and radiation boundary conditions, combining the
method of separation of variables with the orthogonal expansion

technique. In order to take into account the effects of
temperature-dependent thermal material properties, an approxi-
mate solution is established by using a set of linear functions with
space-variable to describe the distribution of thermal diffusivity
through the thickness direction. Moreover, a numerical procedure
is adopted to solve the problem of boundary conditions variation
with time. Based on work by Miller and Weaver [16], an advanced
linearized approximation for radiation boundary condition is
developed for modified use with the analytical model for convec-
tion. At the end of the paper, the accuracy of the present approach
is verified by comparison with finite element method (FEM).

2. Linearized approach

The transient heat transfer analysis for MTPS as shown in Fig. 1
is discussed in the paper. In general, the MTPS can be simplified as
a sandwich plate, and the external surfaces of MTPS are subjected
to convection and radiation boundary conditions. The equivalent
sandwich plate is composed of two outer layers made by metallic
material and an insulation core filled with thermal protection
material. The thickness of insulation core needs to be thick enough
to maintain the temperature of underlying structures within
acceptable limits, and the outer layers are thin in comparison with
the insulation core. According to the characteristic of MTPS, some
assumptions are established as

1. The thickness of each layer is sufficiently small in comparison
with the length and width of MTPS, and the material of each
layer is assumed to be homogeneous;

Nomenclature

F initial temperature distribution
g linear function describing thermal diffusivity distribu-

tion
h convection heat transfer coefficient
J0 zero-order Bessel function of first kind
J1 first-order Bessel function of first kind
k thermal conductivity
R thermal contact resistance
sign signum function
T temperature in MTPS
T1 ambient temperature
Tw temperature at external surfaces
t heating time
X space-variable function
x space coordinate

Y0 zero-order Bessel function of second kind
Y1 first-order Bessel function of second kind

Greek symbols
a thermal diffusivity
b eigenvalue
r Stephan–Boltzmann constant ð5:669� 10�8 W=m2 �CÞ
e surface emissivity
C time-variable function

Acronyms
MTPS metallic thermal protection system
FEM finite element method

Fig. 1. Schematic representation for transient heat transfer analysis of MTPS.
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