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a b s t r a c t

The stability of thermocapillary flow in a slowly rotating shallow annular pool was investigated by using
the Legendre spectral element method. The silicon melt (Pr = 0.011), filling in a pool with adiabatic free
surface and bottom, was heated at the outer cylindrical wall and cooled at the inner cylindrical wall. The
critical stability conditions for different dimensionless rotation rates x, ranging from 0 to 2000, were
determined by linear stability analysis. Moreover, the energy analysis was applied to further illustrate
the underlying mechanism of the flow instability. The results indicate that there is one Hopf bifurcation
for x < 940 and x > 1185. Thermocapillary flow is the dominant factor of the instability for x < 940, and
the pool rotation becomes the key role for the first instability for x > 1185. Three turning points were
observed in the interval 940 6x 6 1185, corresponding to three transitions between two-dimensional
steady flow and three-dimensional oscillatory flow, owing to the competition of two driving forces with
increasing Marangoni number at a fixedx. With pool rotation, the results exhibit that the flow instability
is deduced to occur initially in the zone near the cold wall with the evidence of the extreme velocity gra-
dient and also the distribution of the local kinetic energy.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Thermocapillary flow, originating from the unbalanced surface
tension, plays an important role in materials processing applica-
tions, for instance, crystal growth from the melt under micrograv-
ity. The instability of the thermocapillary flow has attracted an
increasing attention, and therefore, a large number of experiments,
numerical simulations and linear stability analyses about the ther-
mocapillary flow in annular liquid pools had been performed in the
past few decades.

Schwabe et al. [1] conducted experiments on the thermocapil-
lary flow in an annular gap with thickness of 0.6–3.6 mm (inner
radius ri = 20 mm and outer radius ro = 77 mm) by using ethanol
(Prandtl number Pr = 17). They observed various instabilities and
they found gravity could be negligible when the thickness is less
than or equal to 3.0 mm. Aboard the Space Shuttle, Kamotani
et al. [2] also performed many experiments of oscillatory thermo-

capillary flow in open circular containers with different inner
diameters (12, 20, and 30 mm). They observed two lobed surface
temperature patterns and measured the critical heat fluxes in the
tests with container aspect ratio being equal to 1. In addition,
Mukolobwiez et al. [3] observed hydrothermal waves (HWs) trav-
eling in the azimuthal direction by using silicone oil (Pr = 10), and
the same phenomenon was also reported by Garnier et al. [4]. Sch-
wabe et al. [5] used the 0.65 cSt silicone oil (Pr = 6.8) to study ther-
mocapillary flow in open annuli with the liquid height from
1.25 mm to 20 mm (ro = 40 mm and ri = 20 mm) under micrograv-
ity. They observed HWs traveling on the free surface for thin annu-
lar gaps and determined the critical parameters for the incipience
of oscillations under various conditions.

Sim and Zebib [6] simulated the three-dimensional thermocap-
illary flow in an open cylindrical annulus with aspect ratio being
equal to 1. They observed two or three azimuthal waves under
microgravity with a rotating annular pool. Subsequently, Sim
et al. [7] conducted numerical simulations of thermocapillary flow
in an annular pool of silicone oil with the same parameters as in
Schwabe’s microgravity experiments [5], and they stated that the
numerical results agreed well with the experiments. Shi and
Imaishi [8] simulated three-dimensional thermocapillary flow
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(Pr = 6.7) in a static shallow annular pool model. They reported
that the wave number and angular velocity of hydrothermal wave
varied with Marangoni number. Later on, Li et al. [9] presented
three-dimensional thermocapillary and thermocapillary-
buoyancy flow in annular pool of silicon melt (Pr = 0.011). Slowly
rotation rate from 0 to 2 rpm of annular pool was considered,
and two kinds of hydrothermal wave were observed as well.

In comparison to the experiments and the direct numerical sim-
ulations, the linear stability analysis (LSA) is a more efficient and
timesaving strategy to detect the onset of the instability. Smith
and Davis [10,11] applied the LSA to a thin and infinitely extended
fluid layer with a free surface subjected to a horizontal tempera-
ture gradient. They reported two instabilities with the correspond-
ing critical Marangoni numbers. By using the LSA, Zebib’s [12]
presented that the system rotation affected the instabilities of
thermocapillary flow under microgravity, and they claimed that
the Coriolis force should be considered. Shi et al. [13] studied the
stability of the thermocapillary flow (Pr = 6.7) in a shallow annular
pool (ri = 20 mm, ro = 40 mm and depth d = 1 mm), and they
reported that the pool rotation destabilized the steady axisymmet-
ric thermocapillary flow and increased the critical azimuthal wave
numbers. Li et al. [14] applied the LSA to a static annular pool in
order to understand the stability characteristics of the thermocap-
illary flow with Pr = 0.011 fluid. They investigated the influence of
the gravity and different aspect ratios on the critical Marangoni
number and wave number.

The LSA is an effective measure to study the onset of the flow
instability. However, capturing accurately the critical conditions
relies heavily on the accuracy of the numerical methods, and there-
fore, a high-order accurate numerical method is necessary in the
LSA [15,16]. The spectral element method (SEM), combining spec-
tral method with the high precision and finite element method
with the geometrical adaptability, was proposed by Patera [17] in
1984. With the development of the SEM in computational fluid
dynamics [18–20], SEM is inherently a good choice in the LSA,
and the practicability for applying SEM to LSA was proved [21,22].

In this paper, a Legendre SEM was adopted to simulate the ther-
mocapillary flow in a rotating annular pool, the LSA was applied to
determine the critical condition for the onset of the instability, and
the instability mechanism were investigated by the energy
analysis.

2. Problem description

As is exhibited in Fig. 1, silicon melt with top free surface is
filled in a rotating annular pool with the inner radius ri = 15 mm,
outer radius ro = 50 mm and depth d = 3 mm. The outer cylindrical
wall is maintained at a constant temperature Uh while the inner
cylindrical wall is at a lower temperature Uc, and the temperature
difference DU is defined as DU =Uh �Uc. The top free surface of
the melt is idealized as a non-deformable surface, and the surface
tension on the free surface is considered to be a linearly decreasing
function of the temperature as r = r0 � cTU, where the surface
tension coefficient is defined as cT = �or/oU. In addition, the

silicon melt is taken as an incompressible Newtonian fluid and
its physical properties are listed in Table 1.

In this study, the convection is driven by the unbalanced surface
tension on the free surface and the rotation of annular pool. Taking
the characteristic scales of time (ro � ri)2/t, length ro � ri, velocity
t/(ro � ri) and pressure lt/(ro � ri)2, the dimensionless Navier-
Stokes equations in zero gravity condition are

@u
@t

þ ðu � rÞu ¼ �rpþr2u; ð1Þ

@T
@t

þ ðu � rÞT ¼ 1
Pr

r2T; ð2Þ

r � u ¼ 0: ð3Þ
Here, r = @,rir + (@,h/r)ih + @,ziz. u with u = uir + vih + wiz is the
dimensionless velocity vector. r, h, z represent radial, azimuthal,
axial directions with the unit vector ir, ih, iz, respectively. t denotes
the dimensionless time. p denotes the dimensionless pressure. T =
(U �Uc)/DU is the dimensionless temperature. The Prandtl num-
ber Pr is defined as Pr = t/j.

With the definition of the aspect ratio e = d/(ro � ri) = 0.086 and
the radius ratio b = ri/ro, the boundary conditions are expressed as
below:

the free surface (z = e)

@u
@z

¼ �Ma
Pr

@T
@r

;
@v
@z

¼ 0; w ¼ 0;
@T
@z

¼ 0; ð4Þ

the bottom (z = 0)

u ¼ 0; v ¼ rx; w ¼ 0;
@T
@z

¼ 0; ð5Þ

the inner cylinder wall (r = b/(1 � b))

u ¼ 0; v ¼ b
ð1� bÞx; w ¼ 0; T ¼ 0; ð6Þ

the outer cylinder wall (r = 1/(1 � b))

u ¼ 0; v ¼ 1
ð1� bÞx; w ¼ 0; T ¼ 1: ð7Þ

Here, the Marangoni number Ma is defined as Ma = cTDU(ro � ri)/
(lj). The dimensionless rotational angular velocity x is defined
as x =X(ro � ri)2/t, where X as in Fig. 1 is the angular velocity of
the pool rotation.

3. Numerical solution techniques

The adopted SEM was introduced in this section. The non-
staggered grids based on the Legendre–Gauss–Lobatto points were
applied. The properties of Legendre polynomial and Legendre
expansions were presented in our previous paper [23].

3.1. Basic flow

The time splitting method [24,25] is applied in simulating
two-dimensional axisymmetric basic flow, and the semi-discrete
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c

h

d
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0

Fig. 1. The geometrical model.

Table 1
Physical properties of silicon melt.

Item Value Unit

Prandtl number, Pr 0.011 –
Density, q 2530 kg/m3

Surface tension coefficient, cT 7 � 10�5 N/(m K)
Thermal diffusivity, j 2.53 � 10�5 m2/s
Kinematic viscosity, t 2.767 � 10�7 m2/s
Dynamic viscosity, l 7 � 10�4 kg/(m s)
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