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a b s t r a c t

We propose a novel inverse scheme, which allows for estimation of thermal parameters of internal Joule
heaters through measurements of surface temperature distributions during a Joule heating process. The
inverse scheme is based on the governing nonlinear, inhomogeneous heat conduction and generation
equation and solely assumes knowledge of the electric resistivity of the Joule heater. Polynomial forms
are assumed for the thermal conductivity j ¼ jðTÞ and cpq ¼: k ¼ kðTÞ, while the method can be easily
generalized to estimate parameters of any suitable form. Both the sensitivity and the adjoint methods
are developed and compared. Owing to the ill-conditioning of the inverse scheme, the performance of
relaxation methods and regularization schemes are analyzed (to improve numerical conditioning). A ver-
ification was conducted using polydimethylsiloxane (PDMS) embedded with a strip of conductive
propylene-based elastomer (cPBE). Good agreement was achieved between theoretical predictions by
the inverse scheme and experimental measurements regardless of the approximated effective potential
difference across the cPBE. While constant parameter estimations sufficed to approximate one reference
temperature, the inclusion of multiple instants of time required an increase in the polynomial order. The
improved parameter estimation is shown to remain of the same order of magnitude for the temperature
range encountered when compared with the constant approximation, i.e. j ¼ 10:7 and 12.0 Wm�1 K�1,
and k ¼ 19:9 and 16.2 J m�1 K�1, respectively.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Phase change and glass transition are typically used to enable
rapid changes in the elastic rigidity of soft bio-inspired systems.
Examples include PVAc–nanowhisker composites [1], shape
memory polymer [2], wax [3], and conductive propylene-based
elastomer (cPBE) composed of a percolating network of CB
microparticles in a propylene–ethylene co-polymer [4]. In the case
of cPBE, electrical current is applied to heat the composite above its
glass transition temperature and to induce mechanical softening.
Because of the low glass transition temperature Tg (�75 �C), activa-
tion can be achieved within a few seconds. However, further
progress depends on improved electro-thermo-elasto characteri-
zation of the composite and surrounding insulating materials.

Knowing parameters like specific heat cp, density q and thermal
conductivity j allows for predictive modeling that can be used
to identify material compositions and geometries that reduce
electrical power requirements and activation time.

Here, we examine the thermal response of a general case of
elastomeric composites illustrated in Fig. 1. The thermal phenom-
ena under investigation are governed by the following transient
heat conduction equation:

qðTÞcpðTÞ @T
@t

¼ @

@x
jðTÞ @T

@x

� �
þ qðTÞ; ð1Þ

where T denotes temperature and qðTÞ denotes the voltage depen-
dent nonlinear heat generation and x denotes the spatial
n-dimensional variable. We derive the adjoint equation for this
method and compare it with the sensitivity-matrix-based approach.
For the latter, different regularisation schemes are analyzed in order
to improve the conditioning of the inversion of the sensitivity
matrix. Relaxation methods are analyzed for both approaches. In
order to obtain solutions for the direct scheme, a hybrid finite

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.02.015
0017-9310/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding authors at: Department of Mechanical Engineering, University of
Nevada, Reno, NV 89557, USA (W. Shan).

E-mail addresses: abbas.tutcuoglu11@imperial.ac.uk (A. Tutcuoglu), cmajidi@
andrew.cmu.edu (C. Majidi), wshan@unr.edu (W. Shan).

International Journal of Heat and Mass Transfer 97 (2016) 412–421

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2016.02.015&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.02.015
mailto:abbas.tutcuoglu11@imperial.ac.uk
mailto:cmajidi@andrew.cmu.edu
mailto:cmajidi@andrew.cmu.edu
mailto:wshan@unr.edu
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.02.015
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


difference method (FDM) is applied, combining the merits of both
implicit and explicit FDMs.

As shown in Fig. 1, the material of interest is embedded in
PDMS, which has known physical parameters for the temperature
range considered in this study. We will demonstrate that by
embedding the material in PDMS, the precision of the emissivity
matrix as recorded by a thermal microscope Infrascope (see
Fig. 2b) can be considerably augmented. Internal Joule heating is
presented as a novel tool to permit inverse determination of the
thermal parameters of the material under investigation and possi-
bly their temperature dependence. It is shown that this is only per-
missible for small enough heat generations, since otherwise,
diffusion effects are difficult to capture and thus the estimation
of such parameters becomes highly ill-conditioned.

Section 2 presents previous achievements in the field of inverse
schemes particularly with respect to heat conduction as well as the
motivation behind the novel inverse scheme. The subsequent sec-
tion treats the underlying theory of the inverse scheme, including a
discretized version of the governing PDE, the sensitivity and
adjoint method and methods to improve the conditioning of the
inherently ill-conditioned inverse scheme. A method to experi-
mentally validate the applicability of the inverse scheme is given
in Section 4 alongside the physical theory on which it is based. In
Section 5, the inverse scheme’s performance is first assessed in a
theoretical one-dimensional framework, before the two-
dimensional case is analyzed. These results are also compared with
results from the experimental validation section. Finally, conclu-
sions together with suggestions on how the scheme can be
improved in the future is finally given in Section 6.

2. Background

Estimation of thermal parameters for new, sparsely studied
materials is vital for numerous applications. Historically, these
include space-related problems [5], the testing of components used
in nuclear reactors [6,7] and temperature control for heat-
treatment-based manufacturing processes such as quenching [8].
A more specific field of application consists in the control of the
boundary temperature around Joule heaters, as depicted in [4] to
allow close interaction with human skin. While for some of these
applications it suffices to find a constant value invariant of space,
time or any thermodynamic state, other materials show non-
linear behavior and hence complicate the search for these proper-
ties. While the determination of temperature distribution via
knowledge of the governing parameters is referred to as the direct
problem, the estimation of parameters via knowledge of the tem-
perature distribution at discrete time points on a subset of the spa-
tial domain is termed the inverse problem or alternatively, in the
specific case of thermal conduction dominated environments, the
inverse heat conduction problem (IHCP). Since small variations in
the observed data, i.e. the temperature distribution on parts of
the spatial domain, can lead to large variations in the estimation
of the parameters, the inverse problem is ill-conditioned in
essence. Noise within the given data is therefore unfavorable and
to be kept at a minimum, as far as the nature of the experimental
apparatus and its inherent imprecision permit.

Throughout the past decades, numerous inverse schemes have
been proposed, which vary both in the methods applied as well
as the restrictions and limitations imposed on the model. A funda-
mental categorization classifies schemes as either stochastic (e.g.
[9–11]) or gradient based (e.g. [12–15]). This paper concentrates
on the latter, of which the utmost part, as the name indicates, is
based on an iterative process, in which the estimated parameters
are steadily improved by determining the gradient and starting

from an initial, to a certain degree arbitrary guess. The majority
of methods can be categorized with respect to the means
employed to obtain the gradient. The sensitivity method (e.g.
[16–19]) is based on a numerical determination of the dependence
of an incremental change in one of the parameters on the temper-
ature distribution and thus evaluates the optimal gradient. The
system of equations to be solved is ill-conditioned, but can be reg-
ularized using schemes such as L2-regularization [20], Tykhonov-L1

[21] or TSVD [22]. An alternative is given by the so-called adjoint
method, which is based on the solution of the adjoint equation of
the governing partial differential equation [23]. Even if the direc-
tion of the gradient obtained using one of the above methods reli-
ably indicates the direction of steepest descent and hence an
improved agreement between observation and simulation, the gra-
dient’s magnitude generally remains to be optimized. Although the
scaling is usually highly case-specific, established methods exist,
which hold across a diverse field of applications (see e.g. [24]).
Methods differ in the assumption of the representation of the
parameters. While functions free of assumptions on the functional
form exist, other approaches assume polynomial or other suitable
functional forms. The dependence itself further varies from case to
case in that the independent variables comprise space or time and
in other cases temperature itself.

Although numerous methods solving inverse problems based
on reference data on the boundary have been presented through-
out the past few decades (see e.g. Alfanov et al. [25]), a significantly
smaller number of investigations addressing the experimental
means of obtaining the boundary temperature is currently present.
A classical means consists in simply heating one of the surface by a
given heat flux and then determining the parameters from mea-
surements on the boundary, as presented by Beck [26]. Hon [27]
as well as Alifanov [12] investigated the IHCP involving the estima-
tion of a boundary flux given the temperature distribution on a
subset of the spatial domain. The case in which temperature mea-
surements on the object are impractible is addressed by Howell
[28], who uses remote measurements to apply an inverse method
to estimate the radiative thermal properties. Owing to the ill-
conditioned nature of the IHCP, issues with the precision of the
transferred energy via external means can arise. This includes, for
example, the extent to which hotplates can maintain a certain tem-
perature to a constant level.

3. Theory on direct and inverse schemes

3.1. Finite difference scheme for nonlinear diffusion equations

Since for simple geometries, finite difference-based schemes
provide sufficient accuracy together with low computational
cost, the gain in accuracy via finite volume schemes, both fixed
in order or of arbitrary order of accuracy, does not stand in relation
to the increase in computational cost. The main challenge in
constructing a stable and accurate scheme for the nonlinear
heat-transport equation presented in Eq. (1) lies in the
temperature-dependence of the parameters. While both transient
and generation terms can be discretized at the Nx þ 1 nodes
of a grid sn ¼ fxi j i 2 f0;1; . . . ;Nx þ 1g � R; Nx 2 N, where xi
denotes the position of node i, the conduction term requires
the introduction of an additional interface grid si ¼ fxi�1=2 j i 2
f0;1; . . . ;Nx þ 2gg � R with xmin ¼ x�1=2 ¼ x0 < x1 < x3=2 < . . .

< xN < xNþ1=2 < xNþ1 ¼ xNþ3=2 ¼ xmax; ðxmin; xmaxÞ 2 R2. The full grid
containing both nodes and interfaces is denoted s :¼ sn [ si.

In favor of a generalized approach, allowing explicit, semi-
implicit as well as implicit treatments of the time-derivative, the
following scheme is introduced [29]:
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