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The onset of convective instability in a horizontal porous layer saturated by a fluid is studied. A regime of
local thermal non-equilibrium (LTNE) is considered. The lower plane boundary is an impermeable
isothermal wall, while the upper boundary is a free surface with finite heat transfer coefficients to the
external environment. The temperature boundary conditions at the free surface are parametrised by

two Biot numbers: one for the solid and one for the fluid. A modal linear stability analysis of the basic
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motionless state is carried out. Limiting cases allowing for an analytical dispersion relation are defined
and analysed. The general regime of linear instability is investigated by a numerical solution of the gov-
erning differential equations for the normal modes. The neutral stability condition, as well as the critical
value of the Darcy-Rayleigh number, is studied in some asymptotic cases and in the general case.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The Darcy-Bénard problem is a cornerstone for the research
area of convection in porous media. It embodies the situation
where convection cells are generated in a fluid-saturated porous
layer heated from below, with an imposed temperature difference
across the layer. The classical setup, modelled by a pair of parallel
isothermal walls bounding the porous layer, has been widely stud-
ied in the last decades. Analyses of the classical setup, as well as of
variants involving isoflux boundaries and/or free boundaries, are
presented in review papers and books [1-4].

Beyond the validity of the Oberbeck-Boussinesq approximation
and of Darcy’s law, the usual assumption made in these studies is
that local thermal equilibrium (LTE) between the solid phase and
the fluid phase occurs. On the other hand, it is well-known that
departures from local thermal equilibrium in a porous medium
could arise under highly unsteady conditions, or when sensible dif-
ferences between the thermal conductivities of the two phases are
present [4-6]. Under local thermal non-equilibrium (LTNE), the
usual local energy balance equation for the porous medium is actu-
ally split into two independent equations involving distinct tem-
perature fields, one for the solid and one for the fluid. A coupling
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term present in both energy balance equations describes the
inter-phase heat transfer through a suitable coefficient, h. When
this coefficient of inter-phase heat transfer becomes larger and lar-
ger, the asymptotic condition of LTE is approached and the classical
analysis of the Darcy-Bénard problem is recovered. A major prob-
lem of LTNE is to estimate the coefficient h. Rees [7,8] analysed this
problem for various classes of materials.

Banu and Rees [9] reformulated the Darcy-Bénard problem in
the LTNE regime and pointed out that the main dimensionless
parameters governing the transition to instability are the
inter-phase heat transfer parameter, H, and the thermal conductiv-
ity ratio 7. The general effect of a departure from LTE is a destabil-
isation of the horizontal porous layer [9]. The analysis of the effects
of LTNE on the Darcy-Bénard instability has been further devel-
oped in the last years considering several aspects such as modified
boundary conditions, non-Darcy effects, internal heat generation,
throughflow, mass diffusion, heterogeneous or anisotropic porous
media, and inclination of the layer to the horizontal [10-26].

The aim of this paper is to further develop the present knowl-
edge about the LTNE effects on the Darcy-Bénard instability in a
horizontal porous layer. Our analysis will be focussed on a porous
layer where the upper boundary is free. In other words, the
momentum boundary condition on the upper boundary is one of
uniform pressure. The temperature boundary conditions at the
upper boundary will be expressed as third-kind (or Robin)
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Nomenclature

a dimensionless wave number, Eq. (27)

b dimensionless exponential coefficient, Eq. (27)
Bs, By (solid, fluid) Biot numbers, Eq. (5)

B effective Biot number, Eq. (18)

c heat capacity per unit mass [J/(kg K)]

Ci..6 dimensionless coefficients, Eq. (31)

c dimensionless vector of the coefficients c;..g

e, unit vector along the z-axis

g modulus of the gravitational acceleration, [m/s?]

g gravitational acceleration, [m/s?]

h inter-phase heat transfer coefficient W/ (m?*K)]

H dimensionless inter-phase heat transfer coefficient, Eq.
(5)

i imaginary unit

k thermal conductivity [W/(mK)]

K permeability [m?]

L layer thickness [m]

M dimensionless 6 x 6 square matrix, Eq. (35)

n integer

r dimensionless growth rate, b=r —iw

R Darcy-Rayleigh number, Eq. (5)

R1,Ry,R3 rescaled Darcy-Rayleigh numbers, Eqs. (34), (43) and

(46)
R modified Darcy-Rayleigh number, Eq. (47)
R real part
$1,52 dimensionless parameters, Eq. (49)
t dimensionless time, Eq. (3)
T dimensionless temperature, Eq. (3)
Tm effective local dimensionless temperature, Eq. (14)
Tw wall temperature [K]
To reference temperature [K]

A4 dimensionless velocity field (u, v,w), Eq. (3)
X dimensionless Cartesian coordinates (x,Y,z), Eq. (3)

Greek symbols
thermal diffusivity [m?/s]
thermal expansion coefficient [K™]
thermal conductivity ratio, Eq. (5)
reference temperature difference, Ty, — Ty, [K]
dimensionless perturbation parameter, Eq. (21)
roots of Eq. (33)
dimensionless temperature perturbation of the fluid
phase, Eq. (8)
dimensionless parameter, Eq. (5)
average dimensionless temperature, Eq. (30)
dynamic viscosity [Pas]
kinematic viscosity [m?/s]
6 dimensionless coefficients, Eq. (32)
density [kg/m?]
porosity
dimensionless streamfunction, Eq. (24)
rescaled streamfunction amplitude, Eq. (39)
0s,0; dimensionless amplitudes of the normal modes, Eq. (23)
dimensionless frequency, b=r —iw

Qs N > ™ R
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Subscripts, Superscripts

* dimensional quantity

- complex conjugate

perturbation of the basic state, Eq. (21)
b basic state

c critical value

f.s fluid phase, solid phase

boundary conditions by adopting, in general, different Biot num-
bers for the solid and the fluid.

To the best of our knowledge, in the literature there exists only
one study of LTNE convective instability in the presence of free
boundaries, namely that carried out by Postelnicu and Rees [10].
However, these authors developed their investigation by adopting
a Darcy-Brinkman-Forchheimer model where the appropriate free
boundary conditions are actually stress-free conditions, instead of
uniform pressure conditions. The consequence is that the analysis
developed by Postelnicu and Rees [10] does not yield the stability
analysis with free boundary conditions (uniform pressure) in the
limit of Darcy’s regime. On the other hand, in the limiting case
where Darcy’s law holds, the analysis presented by Postelnicu
and Rees [10] reduces to that of Banu and Rees [9] for impermeable
isothermal boundaries.

2. Problem statement and governing equations

We consider a plane porous layer with uniform thickness L. A
uniform temperature, Ty, is prescribed at the lower impermeable
wall, z- = 0. The upper boundary is a free surface, with a uniform
pressure, which exchanges heat with an external fluid environ-
ment having a reference temperature, To, such that Ty < T,, (see
Fig. 1). The fluid saturated porous medium is studied according
to the following assumptions:

e Darcy’s law holds;

e the porous medium is homogeneous and isotropic;

o the Oberbeck-Boussinesq approximation [3,4] can be applied;
e viscous dissipation is negligible;

o the hypothesis of local thermal equilibrium (LTE) does not hold.
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Fig. 1. Sketch of the porous layer.

The local thermal non-equilibrium (LTNE) model is based on the
definition of two different local temperatures, one for the solid and
one for the fluid. The inter-phase heat transfer rate is modelled
through a constant coefficient, h, multiplying the local temperature
difference between the phases. Thus, two energy balance equations
have to be written for the two phases. The governing equations can
be written as [4-6]

Vov=0 (1)
%V* X V' = pgBV’ x [(T}fTo)ez]v (1b)
(1= 9) G = (1= 9V T4 o (17 - T2), (19
0 (?;f VYT — oV, _% (1;-13). (1d)

Eq. (1b) is the vorticity representation of Darcy’s law, while f, s
denote the properties of the fluid and of the solid, respectively.
Asterisks indicate dimensional variables and operators.
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