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In this paper, the problem of practical stability of some classes of continuous-time switched systems is
studied. The main results of this paper include some sufficient conditions concerning practical stability of
continuous-time switched nonlinear systems without a common equilibria for all subsystems. In this
class of switched systems, the equilibrium point varies discontinuously according to a time-dependent
switching signal. So, stability with respect to a set, rather than a particular point, is discussed. Using this
preliminary result, we present sufficient conditions in the form of linear matrix inequalities (LMIs) for
practical stability of a particular class of switched systems without common equilibria: the switched
affine systems. An illustrative example in the power system stability area is presented to show the
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1. Introduction

Continuous-time switched systems are typically represented by
equations in the general form

x() =f,,x(®), X(to) = Xo, M

where x(t)eR" is the state, ty is the initial time and ¢ is a piecewise
constant function called switching signal. In this paper, we consider
the switching signal is time-dependent, so ¢ is a function of
time defined as o(t) : I - S, where I = [to, ty) and tyis a finite constant.
Also, S={1,...,N} is a finite set of positive integers. Hence, given
a set of subsystems {fy,....fy}, the switching signal is such that
fowelf1,.-.fn}, for each tel. This obviously imposes a discontinuity
on f, since this vector jumps instantaneously from f; to f; for some
i#j, 1, jeS, once switching occurs. The instants of time at which f, is
discontinuous, ie., tq,ty,....t, ...l (tg<ti<ty<--<tpy<-) are
called switching times.

The analysis of the dynamic behavior of continuous-time
switched systems has been addressed by several authors, whose
studies are typically focused on stability [14,12,19,17], controll-
ability, observability [2,15] and the design of controllers with
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guaranteed stability and performance [8,6,13]. In general, the main
results in these areas assume that all subsystems of (1) share a
common equilibrium (typically the origin x=0, i.e., f;(0) = 0 for all
i=1,...,N), and hence the stability of (1) is actually the stability of
this common equilibrium [6,5,10,23].

For this class of switched systems, some results of asymptotic
stability of the origin can be established from direct methods,
making use of an auxiliary scalar-valued Lyapunov function. By
using direct methods, the global asymptotic stability of the origin
is guaranteed if there exists a common, continuously differenti-
able, positive-definite real-valued Lyapunov function v(x(t)) for all
subsystems {f;, ...,fy}, such that

%f,.<-ziv, 2>0, Vi=1, ..N, x£0. 2)

The existence of a common Lyapunov function for all subsystems
{f1,....fn} ensures that the equilibrium point x=0 is globally asymp-
totically stable for any arbitrary switching signal [6]. Unfortunately, it is
well known that, depending on the system behavior and its dimen-
sions, the search for a feasible solution for inequality (2) can be a very
difficult task or a solution may not even exist, once that some
switched systems may be stable only under restricted switching
signals. To study the stability of switched systems under restricted
switching rules, the necessity of a common Lyapunov function for all
subsystems can be replaced by the existence of a family of continu-
ously differentiable, radially unbounded, positive-definite real-valued
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Lyapunov functions {V(x(t)), ..., Vn(x(t))} such that

i—‘)/cif,'<—/‘iivi, 4i >0, vi=1,...,N, x#0. 3
and,
Vi () <V (x(tr)), 4)

for every switching time t el at which ¢ switches from iy to iy,
where iy, i,1€S, ix¥ik1 [14,19]. In spite of condition (2), this approach
allows to the Lyapunov function v(x(t)) = V) (x(t)) to have certain
discontinuities (at the switching times), which turns out to be
attractive for stability analysis of switched systems. The asymptotic
stability of the origin is then verified when the subsystems {f1, ....fy}
are individually stable (condition (3)) and v(x(t)) is uniformly decreas-
ing for all tel (condition (4)).

A less conservative result (in comparison with both conditions (2)
and the pair (3) and (4)) is given in Geromel and Colaneri [12],
Colaneri et al. [6], where the above nonincreasing condition on the
Lyapunov functions is relaxed. Basically, it is replaced by a weaker
condition which imposes that the sequence v(x(ty)), to,t1, ..., tk, ...€l
must converge uniformly to zero, where v(x(ty)) = V;, (x(t,)) when o
switches to mode i, at the switching time ;. In other words, it is
required that

Vi, (b)) Vi (x(8)), ik i1 €S, ki1, )

for all successive switching times k and k+ 1, where o(t) =i,<S,
VEe(ty, try1)-

On the other hand, when there is not a common equilibria for
all subsystems of (1), the stability analysis becomes more compli-
cated. An interesting approach concerning stability and stabiliza-
tion of switched systems without a common equilibria was
investigated in Zhai and Mitchel [28], Zhai and Michel [27], Xu
and Zhai [24], Xu et al. [25] in terms of practical stability. Generally
speaking, this concept deals with two sets Q;cR" and £2,cR"
satisfying £,<£,, which are specified for the initial state and the
entire system state, respectively. These two sets do not have to
include the origin and they can be specified in terms of physical
limitations of the system variables. The practical stability requires
that if the initial state is in 21, then the system state should stay in
0, for all tel [27].

Hence, unlike the classical stability definition which is based on the
existence of 2; for any £,, here both of the sets ©; and £, are fixed
and so they do not vary. Stability with respect to a set, rather than a
particular point, is then the basis of the practical stability concept.

Hence, motivated by the studies of practical stability addressed
in Zhai and Michel [27], Xu and Zhai [24], this paper aims at
providing new results on practical stability of the switched system
(1) without a common equilibria and under a time-dependent
switching signal. From this general result, we focus on the
development of sufficient conditions for practical stability for the
important class of switched systems without common equilibria
referred in the literature as switched affine systems [3,25,7,26,22].
The obtained results for this class of systems are formulated as
linear matrix inequalities (LMIs) constraints [4].

This paper is organized as follows. Section 2 provides the defini-
tions of practical stability and the problem formulation. In Section 3,
we present the main result on practical stability for the switched
system (1) without a common equilibria and considering a time-
dependent switching control. Using the result of Section 3, the Section
4 presents sufficient conditions in the form of matrix inequalities
constraints for practical stability of switched affine systems. Section 5
presents a illustrative example in the power system stability area and
its corresponding results, which demonstrate the effectiveness of the
approach proposed in this paper, and Section 6 contains the conclu-
sions and some final remarks on the proposed approach.

2. Preliminaries and problem formulation

In this section we first establish the notation used throughout
the paper. R" denotes the n-dimensional Euclidean space, R™™ is
the set of n x m real matrices. For two elements a and b in R", {a, b}
denotes the set constituted by only these two elements, while [a, b]
denotes the set containing all the points in the line segment
between a and b. In addition, [a, b) denotes the set containing all
the points of [a, b], except the point b. For matrices and vectors ()
means transposition. For a symmetric matrix P, P>0 (P<0) denotes
positive (negative) definiteness. Positive (negative) semi-
definiteness is denoted by P>0 (P<0). For a set QeR", we use Q
and Q¢ to denote the closure and the complement of @, respec-
tively. N[a,b) and Nia,b) denote, respectively, the number of
switching times on the time interval [a,b) and the maximum
number of switching times that can occur on [a, b). For a decimal
number r, int(r) means the integer part of r.

Now, consider again the switched system (1). We do not
assume the existence of a common equilibria for all subsystems
{f1, - fad

The switching signal is defined as
o(t)=ieS={1,...,N}, Vtelty,tr1), (6)

where t;, and t;,; are two consecutive switching times that
satisfies

b1 —t>T, (7

for all the switching times tq, to,...,t, tgyq,...€l and the index
ireS is arbitrarily selected at each of these switching times. Also, T
is a positive number denoted in the literature as being a dwell-
time of the switching signal o(t) [19].

Definition 1. A positive number T is called a dwell-time of the
switching signal o(t) if the time interval between any two
consecutive switchings k and k + 1 is no smaller than T.

Since we are not assuming a common equilibria for all
subsystems and the switching signal o(t) is only time-dependent,
it is not possible to guarantee an asymptotic convergence of the
system trajectories to a specific equilibrium point. Hence, stability
with respect to a set, rather than a particular point, is studied in
this paper in terms of practical stability [27].

Definition 2. The switched system (1) is considered practically
stable with respect to the sets 2;cR" and £2,<R" (2;<0,) in the
time interval I = [to, ty), if X(fg)e£2; implies x(t)ef2,, for all tel.

The first problem under consideration in this paper can be
stated as follows.

Problem 1. Given the sets £2; and 2, (2;<0,) and a time interval
I ={to, ty), determine a scalar Tp > 0 such that the switched system
without a common equilibria (1) is practically stable with respect
to 21 and £ in the time interval I, for every switching signal o(t)
satisfying (6) and (7) with a dwell-time T = Tp.

From the solution of the Problem 1, we derive some results on
practical stability for a particular class of switched systems with-
out a common equilibria, ie., the switched affine systems
described as

X() = f 50 x(£)) = AsyX(t) + Doy, X(to) = Xo, ®

where the switching signal o(t) is given by (6) and (7). Assuming
that all matrices A; are nonsingular, each subsystem has a single
equilibrium point at x,, = —Ai'lbi, i=1,....N.

Switched affine systems can arise naturally in many applications,
for example, in the presence of saturations or relays. Applications in
the area of power electronics on the DC-DC converters control design,
for example, are presented in Deaecto et al. [9]. In addition, they can be
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