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1. INTRODUCTION

The Lyapunov–Krasovskii approach to stability analysis of
time-delay systems is based on the well-known Krasovskii
theorem (Krasovskii, 1956). Roughly speaking, it states
that if there is a positive definite functional, whose time-
derivative along the solutions of the system is negative
definite, then the system is asymptotically stable. One
of the possible ways to use this theorem is to prescribe
the (negative definite) time-derivative and then to con-
struct the functional that has the same derivative along
the solutions. For linear time-invariant delay systems, the
functionals with a prescribed derivative have been devel-
oped in the works of Repin (1965), Infante & Castelan
(1978), Huang (1989) and Kharitonov & Zhabko (2003). In
these papers, the structure, the existence issue, and further
the explicit form of the functionals and their positive
definiteness have been studied. As a result, two functionals
satisfying the Krasovskii theorem were constructed. The
first one was proposed in Huang (1989), let us denote
it by v0; its time-derivative along the solutions of the
system is the quadratic form of the current state x(t).
In its turn, the second one’s derivative is the functional
depending on the whole delay system’s state xt. The sec-
ond functional was introduced in Kharitonov & Zhabko
(2003) and was called the functional of the complete type.
The important point is that the functional v0 does not
admit a quadratic lower bound and admits only the local
cubic one if the system is exponentially stable (see Huang,
1989), whereas the complete-type functional admits the
quadratic bound and, therefore, is effective in applications.
There are many contributions addressing the applications
of the complete-type functionals, see, for instance, Egorov
& Mondiè (2014), Jarlebring et al. (2011), Ochoa et.
al (2013), and Kharitonov (2013). The applications im-
portant for us in this paper are the robustness analysis
(Kharitonov & Zhabko, 2003) and the construction of the
exponential estimates for the solutions (Kharitonov & Hin-
richsen, 2004), as for linear time-invariant delay systems
the asymptotic stability is equivalent to the exponential
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one. On the contrary, the functional v0 is considered to be
not suitable for solving the problems of this kind.

However, in the works Zhabko & Medvedeva (2011),
Medvedeva & Zhabko (2013; 2015) the following has been
shown. In spite of the fact that the functional v0 does
not admit a quadratic lower bound on the set of arbitrary
continuous functions, it admits such a bound on the set
of functions satisfying the condition ‖ϕ(θ)‖ � ‖ϕ(0)‖,
θ ∈ [−h, 0], where h is the maximal delay, if the system is
exponentially stable. In terms of such bound, the exponen-
tial stability criterion was established, and the constructive
approach for the stability analysis was developed.

The aim of the present paper is to demonstrate that the
functional v0 can be effective not only in the stability
but also in the robust stability analysis as well as in the
construction of the exponential estimates for the solutions
of the exponentially stable systems. In other words, we
are going to show the possibility to analyze the robust-
ness and to estimate the decay rate and the γ-factor
(see Definition 1) without making use of the complete-
type functionals. Our approach is based on the above-
mentioned exponential stability criterion. The special in-
tegral estimate for the derivative of the functional plays a
key role as well.

It is worth pointing out that there is a great variety of
works where the problems we address are treated on the
basis of the LMI approach, see, for instance, Mondiè &
Kharitonov (2005) or the survey papers Kharitonov (1999)
and Niculescu et al. (1997). In Bellman & Cooke (1963)
the exponential estimates for the solutions are constructed
directly in terms of the Laplace transform.

The paper is organized as follows. Section 2 contains the
preliminaries. Then, Section 3 is devoted to the robustness
analysis whilst the exponential estimates for the solutions
are provided in Section 4. In Section 5, we illustrate the
work with examples comparing our results with those ob-
tained in Kharitonov & Zhabko (2003) and Kharitonov &
Hinrichsen (2004) by use of the complete-type functionals.
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2. PRELIMINARY RESULTS

In this paper, we consider a time-delay system of the form

ẋ(t) =
m∑
j=0

Ajx(t− hj), (1)

where Aj ∈ Rn×n, j = 0,m, are the constant matrices, and
0 = h0 < h1 < . . . < hm = h are the constant delays. We
use the standard notation: x(t, ϕ), or briefly x(t), denotes
the solution of system (1) with the piecewise continuous
initial function ϕ, i.e. ϕ ∈ PC

(
[−h, 0],Rn

)
; then, xt(ϕ),

or briefly xt, stands for the segment of the solution

xt(ϕ) : θ → x(t+ θ, ϕ), θ ∈ [−h, 0].

On the space of the piecewise continuous functions the
uniform norm

‖ϕ‖h = supθ∈[−h,0] ‖ϕ(θ)‖
is defined, where ‖ · ‖ is the euclidian norm.

Definition 1. (Bellman & Cooke, 1963) System (1) is
called exponentially stable, if there exist γ � 1 and σ > 0
such that

‖x(t, ϕ)‖ � γe−σt‖ϕ‖h, t � 0,

for every solution of system (1).

Given a positive definite matrix W, the functional satisfy-
ing the condition

dv0(xt)

dt
= −xT (t)Wx(t), t � 0,

along the solutions of system (1) is of the form

v0(ϕ) = ϕT (0)U(0)ϕ(0)

+ 2ϕT (0)

m∑
j=1

0∫

−hj

U(−θ − hj)Ajϕ(θ)dθ

+
m∑

k=1

m∑
j=1

0∫

−hk

ϕT (θ1)A
T
k (2)

×
( 0∫

−hj

U(θ1 + hk − θ2 − hj)Ajϕ(θ2)dθ2

)
dθ1,

see Huang (1989); Kharitonov & Zhabko (2003). Here
U(τ) is the Lyapunov matrix, associated with W, i.e. the
solution of the following set of the matrix equations

U ′(τ) =

m∑
j=0

U(τ − hj)Aj , τ � 0;

U(−τ) = UT (τ), τ � 0;
m∑
j=0

[
U(−hj)Aj +AT

j U(hj)
]
= −W.

The Lyapunov matrix and, therefore, functional (2) exists
for any symmetric matrix W, if and only if the so-called
Lyapunov condition holds: the system does not have an
eigenvalue s such that −s is also an eigenvalue, see
Kharitonov (2013). The Lyapunov matrix is continuous.

Functional (2) admits the following upper bound:

Lemma 2. (Kharitonov, 2013) If the Lyapunov condition
holds, then∣∣v0(ϕ)

∣∣ � η‖ϕ‖2h, ϕ ∈ PC
(
[−h, 0],Rn

)
,

where

η = Mα2, M = max
τ∈[0,h]

‖U(τ)‖, α = 1 +

m∑
j=1

‖Aj‖hj .

As for a lower bound, there is only the local cubic one: If
system (1) is exponentially stable, then for every H there
exists κ > 0 such that

v0(ϕ) � κ‖ϕ(0)‖3, ‖ϕ‖h � H,

here ϕ is a continuous function, see Huang (1989). Never-
theless, on the special set of functions

S =
{
ϕ ∈ PC

(
[−h, 0],Rn

)∣∣ ‖ϕ(θ)‖ � ‖ϕ(0)‖, θ ∈ [−h, 0]
}

functional (2) admits a quadratic lower bound, as the
following criterion states.

Theorem 3. (Zhabko & Medvedeva, 2011; 2015) Given a
positive definite matrix W, system (1) is exponentially
stable, if and only if there exists a functional v0(ϕ) such
that the following conditions hold:

1.
dv0(xt)

dt
= −xT (t)Wx(t);

2. there exists µ > 0 such that

v0(ϕ) � µ‖ϕ(0)‖2, ϕ ∈ S.

Note that in the necessity part of Theorem 3 the constant
µ is obtained constructively:

µ =
λmin(W )δ

4
,

where λmin(W ) is the minimal eigenvalue of W, and δ > 0
is the solution of the equation

αKeKδ =
1

2δ
,

here K =
∑m

j=0 ‖Aj‖, and α is defined in Lemma 2.

3. ROBUST STABILITY ANALYSIS

In this section, we consider the same problem statement
as in Kharitonov & Zhabko (2003), see also Kharitonov
(2013). Assume that system (1) is exponentially stable and
define the following perturbed system

ẏ(t) =
m∑
j=0

(Aj +∆j)y(t− hj). (3)

Here the constant matrices ∆j are such that

‖∆j‖ � ρj , j = 0,m, (4)

where ρj are the constant values. Our aim is to find the
conditions on these values under which system (3) remains
exponentially stable.

Following Kharitonov & Zhabko (2003), for the stability
analysis of system (3) we will use functional (2), corre-
sponding to system (1). The time-derivative of this func-
tional along the solutions of system (3) is of the form

dv0(yt)

dt
= −yT (t)Wy(t) + l(yt), (5)

where

l(yt) = 2

[ m∑
j=0

∆jy(t− hj)

]T
×

×
[
U(0)y(t) +

m∑
k=1

0∫

−hk

U(−θ − hk)Aky(t+ θ)dθ

]
,
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