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a b s t r a c t

Reduced order Disturbance OBservers (DOB) have been proposed in Kim et al. (2010) and Kim and Rew
(2013) for continuous-time and discrete-time linear systems, respectively. The existence condition of the
promising algorithm has been established but is not straightforward to check. This work further improves
the reduced order DOB design by formulating it as a functional observer design problem. By carefully
designing the state functional matrix, a generic DOB is resulted with an easily-checked necessary and
sufficient existence condition and an easily-adjusted convergence rate. It is also shown that both the
reduced order DOB in Kim and Rew (2013) and the full order DOB in Chang (2006) are special cases of
this new DOB.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Motivated by the prosperous applications in disturbance rejec-
tion control and fault diagnosis (see, Su & Chen, 2017; Wei & Guo,
2010; Wei, Wu, & Karimi, 2016; Yang, Cui, Li, & Zolotas, 2018), a
discrete-time Disturbance OBserver (DOB) was proposed in Chang
(2006). To relax observer existence conditions and reduce observer
order, a reduced order DOB was designed in Kim et al. (2010)
to reconstruct disturbances/faults with a minimal observer order
for continuous-time linear systems. Recently, this innovative work
was further extended to the discrete-time case in Kim and Rew
(2013), where the systems under consideration are{
xk+1 = Φxk + Γ uk + Gdk
yk = Cxk,

(1)

where xk ∈ Rn, uk ∈ Rm, dk ∈ Rq and yk ∈ Rl are the states,
inputs, disturbances and measurements at kth step. Disturbance
distribution matrix G has a full column-rank (i.e., rank(G) = q);
otherwise, the redundant inputs can be removed (see, Su, Li, &
Chen, 2015). The disturbances dk are assumed to be unknown but
slowly time-varying, i.e., the following assumption is assumed

dik+1 = dik + ∆dik+1, (2)
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with dk := [d1k, . . . , d
q
k]

T , |∆dik+1| = |dik+1 − dik| ≤ Tµi where T is
the sampling time, µi is a small positive value.

Remark 1. The disturbance assumption in (2), in comparison with
the ones in Gillijns and DeMoor (2007) and Su et al. (2015) where
no particular disturbance models are assumed, can relax the ob-
server existence condition. However, this is usually at the expense
of a degraded performance when the disturbance assumption is
violated.

Following the same notations as in Kim and Rew (2013) (see,
pp. 970), defineNc := (In−C+C)with C+ being theMoore–Penrose
inverse of C and He as

He :=

[
KNc

K (Φ − In)Nc

]
=

[
H1
H2

]
V T ,

with K being a gain matrix to be designed, H1 ∈ Rq×h, H2 ∈ Rq×h

and V T
∈ Rh×n with h = rank(He).

Defining ηk := V T xk ∈ Rh, the reduced order DOB constructed
in Kim and Rew (2013) is given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ξk+1 = Rξk + Syk + Wuuk + Wdd̂k
η̂k = ξk + Qyk
zk+1 = zk + K {(Φ − In)C+yk + Γ uk}

+ KGd̂k + H2η̂k

d̂k = KC+yk − zk + H1η̂k,

(3)

where zk ∈ Rq and ξk ∈ Rh, Wu = (V T
− QC)Γ , Wd = (V T

− QC)G
with matrices S,Q , R satisfying

(V T
− QC)Φ − R(V T

− QC) − SC = 0. (4)
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Denote disturbance and state function estimation error as ek =

dk − d̂k and ϵk = ηk − η̂k. The composite error dynamic is given
by Kim and Rew (2013)[
ek+1
ϵk+1

]
= Ae

[
ek
ϵk

]
+

[
∆dk+1
Oh×1

]
,

where the composite error matrix Ae is defined as

Ae =

[
Iq − KG + H1(V T

− QC)G H1R − H1 − H2

(V T
− QC)G R

]
. (5)

As pointed by Kim and Rew (2013), the existence of a stable
reduced order DOB (3) depends on whether there exists a gain
matrix K and other design parameters so that: (i) the Sylvester
Eq. (4) holds; (ii) matrix Ae in (5) is asymptotically stable (i.e., the
amplitudes of its eigenvalues are less than 1). Condition (i) is
implied by the matrix rank equality

rank(
[

Z1
V TΦ

]
) = rank(Z1), Z1 := rank(

⎡⎣ C
CΦ

V T

⎤⎦). (6)

However, condition (ii) is not straightforward to check. Its existence
is related to a static output feedback problem. As pointed out in Kim
and Rew (2013) and Kim et al. (2010) , although numerical solutions
exist, the general solvability of the static output feedback is not known.

To further develop this promising approach, this paper im-
proves the results in Kim and Rew (2013) by presenting a generic
reduced order DOB with an easily-checked existence condition.
We transform the reduced order DOB design problem into a State
Functional Observer (SFO) design problem (see, Darouach, 2000;
Fernando, Jennings, & Trinh, 2011 for SFO theory). This is achieved
by first augmenting the disturbances with the states and then
carefully designing the state functional matrix. Consequently, a
generic DOB is resulted with its necessary and sufficient existence
condition. There are two promising features in the newly devel-
oped DOB in comparison with the existing results:

(i) The existence condition is easy to check, where two easily-
checked matrix rank equalities are required;

(ii) The observer convergence rate can be easily adjusted via the
existing pole assignment techniques.

On this basis, we further investigate the relationship between the
proposed DOBwith the reduced order DOB in Kim and Rew (2013)
and the full order DOB in Chang (2006) in terms of observer
structure and existence conditions. Both of them are shown to be
special cases of the newly developed DOB.

2. DOB design using SFO technique

SFO, firstly introduced in Luenberger (1966), received much
attention in control engineering (see, Darouach, 2000) owning to
its fine properties such as a lower observer order and a relaxed
existence condition. Its existence condition has been rigorously
established in Darouach (2000). However, little attention has been
paid to its applications in disturbance/fault estimation. Conse-
quently, this paper aims to exploit its potential in DOB design,
which can provide a framework unifying the existing DOBs for
discrete-time linear systems.

2.1. Observer design

Combining system (1) and disturbance (2), and defining x̄k =

[xTk , d
T
k ]

T , an augmented system is resulted{
x̄k+1 = Āx̄k + Γ̄ uk + ∆d̄k
yk = C̄ x̄k,

(7)

where the gain matrices and ∆d̄k are given as follows

Ā =

[
Φ G

Oq×n Iq

]
, Γ̄ =

[
Γ

Oq×m

]
,

C̄ =
[
C Ol×q

]
, ∆d̄k =

[
On×1
∆dk

]
.

Remark 2. For the case thatmeasurement outputs are also subject
to disturbances, i.e., yk = Cxk + G2dk, this approach is also
applicable by choosing C̄ = [C G2]. Then the remaining design
procedures are the same, although the existence condition will be
slightly different.

To obtain disturbance estimates, the state functional matrix L
(see, Darouach, 2000 for its definition) is chosen with a special
structure

L =

[
L0 Oh̄×q

Oq×n Iq

]
, (8)

where the design of sub-matrix L0 ∈ Rh̄×n with full row-rank will
be discussed in Section 2.3. Define

vk = Lx̄k, with dk = [Oq×n, Iq]vk, (9)

which is the state function to be estimated.
Now the problem of DOB design can be transformed into the

problem of state functional observer design for the augmented
system (7) with state function vk in (9) to be estimated.

According to SFO theory (see, Darouach, 2000; Fernando et
al., 2011), the disturbance observer for d̂k along with the state
functional observer for vk takes the following form⎧⎨⎩

wk+1 = Nwk + Jyk + Huk,

v̂k = Bwk + Eyk,
d̂k = [Oq×n Iq]v̂k.

(10)

Defining an intermediate error χk = P̄ x̄k − wk with P̄ being an
intermediate matrix, its dynamics is given by

χk+1 = Nχk + (P̄ Ā − NP̄ − J C̄)x̄k
+ (P̄Γ̄ − H)uk + P̄∆d̄k.

(11)

Moreover, the state function estimation error ek = vk − v̂k can
be written as

ek = Bχk + (L − EC̄ − BP̄)x̄k, (12)

fromwhich one can obtain ek → 0 as k → ∞ for any x̄k if and only
if the following two conditions hold concurrently:

(i) χk → 0 as k → ∞ ;
(ii) L − EC̄ − BP̄ = O.

For any invertible matrix B, the aforementioned condition (ii) is
implied by choosing P̄ as

P̄ = B−1L − B−1EC̄ . (13)

Ignoring the term P̄∆d̄k as it does not affect the analysis, Eq.
(11) implies that χk → 0 as k → ∞ if and only if the following
conditions hold simultaneously

(a) P̄ Ā − NP̄ − J C̄ = O (Sylvester equation);
(b) P̄Γ̄ − H = O;
(c) N is asymptotically stable (i.e., the amplitudes of its eigen-

values are less than 1).

Choosing P̄ according to (13) with any invertible B and H ac-
cording to Condition (b), then the existence condition reduces to
Condition (c), i.e. N being asymptotically stable under the con-
straint Sylvester equation Condition (a). The existence condition
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