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a b s t r a c t

In this paperwe study a second order, distributed control system for a finite number of point agents on the
unit circle that achieves simultaneously velocity consensus and distance based formation shape control.
Based on tools from Riemannian geometry, we propose a system of second order differential equations
on the N-dimensional torus that achieves these two goals. We prove convergence of the trajectories to
single closed geodesics on a torus and investigate the stability properties of the distributed algorithm.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Formation control in Euclidean space is a well-studied topic
in systems theory, we refer to the survey paper (Oh, Park, &
Ahn, 2015) and the references therein for a detailed overview.
A common goal of formation control is to steer N agents into a
desired formation shape. A crucial aspect is that there are different
approaches to achieve formation control, based on: (1) relative
positions and (2) inter-agent distances, we refer again to Oh et
al. (2015) for an overview of the different approaches to rel-
ative position- and distance-based formation control. Distance
based formation control for first order integrator agents is usually
based on the gradient of a suitable potential function such as,
e.g., V (x1, . . . , xN ) =

∑
aij(∥xi − xj∥2

− d2ij)
2, which was studied

in Krick, Brucke, and Francis (2009). A number of works also pro-
pose distance-based formation control laws for double integrator
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agents (Deghat, Anderson, & Lin, 2016; Dimarogonas & Johansson,
2008;Oh&Ahn, 2014;Olfati-Saber, 2006;Olfati-Saber andMurray,
2002; Su, Wang, & Lin, 2009; Tanner, Jadbabaie, & Pappas, 2003,
2007) in Euclidean space. In particular,most of the aforementioned
papers propose a combination of the gradient of a distance-based
formation control potential and a velocity consensus term as a
feedback law.

Formation control on non-linear spaces is an established topic
in systems theory with agreement problems playing a prominent
role (Dong & Geng, 2013; Nair & Leonard, 2007; Paley, 2009;
Sarlette & Sepulchre, 2009; Sarlette, Sepulchre, & Leonard, 2009;
Scardovi, Sarlette, & Sepulchre, 2006; Sepulchre, 2011). Many at-
titude control approaches see, e.g., Beard, Lawton, and Hadaegh
(2001), Krogstad, Gravdahl, and Kristiansen (2005), Ren (2006,
2007), VanDyke and Hall (2006) and the overview article (Ma, Min,
Wang, Liu, & Liao, 2015), are formulated using unit quaternions
and can be regarded as formation control on a nonlinear space,
even if this is sometimes not explicitly stated. Control for planar
formations often involves heading/position models for the agents
where the heading is constrained to the unit circle (Sepulchre,
Paley, & Leonard, 2007, 2008). Formation control approaches for
agents in the plane also use the special euclidean group SE(2)
(Justh & Krishnaprasad, 2004). Some approaches are based on
principles from coupled oscillator dynamics (Leonard et al., 2007;
Paley, Leonard, Sepulchre, Grünbaum, & Parrish, 2007; Sepulchre
et al., 2007, 2008). Coupled oscillator dynamics is a research topic
which has drawn a lot of interest over the last decades; we refer
to Acebrón, Bonilla, Vicente, Ritort, and Spigler (2005) and Dörfler

https://doi.org/10.1016/j.automatica.2017.12.060
0005-1098/© 2018 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.automatica.2017.12.060
http://www.elsevier.com/locate/automatica
http://www.elsevier.com/locate/automatica
http://crossmark.crossref.org/dialog/?doi=10.1016/j.automatica.2017.12.060&domain=pdf
mailto:christian.lageman@mathematik.uni-wuerzburg.de
mailto:Brian.Anderson@anu.edu.au
https://doi.org/10.1016/j.automatica.2017.12.060


124 C. Lageman et al. / Automatica 90 (2018) 123–129

and Bullo (2014) for an overview of the field. Indeed, the systems
we consider in this paper can be viewed as an extension of specific
types of second-order Kuramoto models which can arise, e.g., in
power system models (Chiang & Chu, 1995; Dörfler & Bullo, 2011,
2012).

In this paper we consider an extension of the dynamics in
Deghat et al. (2016) to the unit circle case for amore general class of
formation control potentials.We prove global convergence results;
in particular, almost global convergence of the agents’ positions
to local minima of the potential is shown. Note, that the global
convergence results in Olfati-Saber (2006), Tanner et al. (2003)
and Tanner et al. (2007), i.e., the almost global convergence of
the agents’ positions to minima of the formation shape control
potential function resp. potential functions for each individual
agent, are based on the misconception that unstable critical points
of a gradient system cannot have a region of attraction which con-
tains interior points. However, when the unstable critical point is
degenerate this is not necessarily true—see the example in Takens
(1971). Thus almost global convergence of a gradient system to the
set of localminima cannot be expected unless the critical points are
all non-degenerate. In contrast to Olfati-Saber (2006), Tanner et al.
(2003) and Tanner et al. (2007), we present a rigorous convergence
analysis, relying on the fact that a symmetry-reduced version of
the formation shape potential on the circle is generically a Morse
function.

2. Riemannian geometry of the N-torus

We briefly describe the Riemannian geometry of the N-
dimensional torus TN , which is the state space for N agents evolv-
ing on the circle S1. For an introduction to Riemannian geometry,
we refer the reader to Boothby (1975) and Gallot, Hulin, and La-
fontaine (1987). It is convenient to describe the unit circle in terms
of complex numbers. Let C denote the field of complex numbers
with purely imaginary unit ı :=

√
−1. We identify C with R2 via

the map z ↦→ (Re z, Im z). Here Re z and Im z denote the real part
and imaginary part of z. Let z denote complex conjugation and
|z| =

√
x2 + y2 the norm of a complex number z = x + ıy. The

unit circle in R2 will be identified with {z ∈ C | |z| = 1}. The
identification of C with the standard Euclidean space R2 endows
C with the scalar product ⟨u, v⟩ = Re(uv), u, v ∈ C. Restriction of
this Euclidean scalar product on the tangent spaces TzS1 = ıRz
yields a Riemannian metric on S1. For the N-dimensional torus
TN

= S1 × · · · × S1 we proceed similarly, using the Riemannian
metric gT induced by the Euclidean scalar product on CN . For
simplified notation, we use bold symbols for N-tuples like z for
(z1, . . . , zN ). The tangent spaces ofTN are TzTN

= ız1R×· · ·×ızNR.
The orthogonal projection of v = (v1, . . . , vN ) in CN onto the
tangent space TzTN of the torus is readily computed as PTzTN (v) =
1
2 (v1 − z21v1, . . . , vN − z2NvN ). For a function V : TN

→ R the
gradient with respect to the Riemannianmetric onTN is computed
by grad V (z) = PTzTN gradE Ṽ (z), with Ṽ : CN

→ R the smooth
extension ofV to the ambient space and gradE Ṽ (z) the standard Eu-
clidean gradient inR2N

≃ CN . For submanifolds of Euclidean space
with the Riemannian metric induced by the scalar product, the
covariant derivative can be computed easily, see Boothby (1975).
In our case this yields the following formulas: Let γ : (a, b) → TN

be a smooth curvewith components γi : (a, b) → S1 andX a vector
field along γ with components Xi. The covariant derivative is given
by ∇γ̇X(t) =

1
2

(
Ẋ(t) −

(
(γ1(t))2Ẋ1(t), . . . , (γN (t))2ẊN (t)

))
and the covariant second derivative of γ on TN is

∇γ̇(t)γ̇(t) =(
γ̈1(t) + |γ̇1(t)|2γ1(t), . . . , γ̈N (t) + |γ̇N (t)|2γN (t)

)
.

We denote parallel transport along a curve γ : (a, b) → TN from
y = γ(t0) to z = γ(t1) byPy,z. It defines a linearmapPy,z : TyTN

→

TzTN , Py,z(v1, . . . , vN ) =
(
z1y−1

1 v1, . . . , zNy−1
N vN

)
,which is for the

torus TN with the metric gT independent2 of γ . Given two points
y and z on TN and a linear map A : TyTN

→ TzTN we denote by
A†

: TzTN
→ TyTN the adjoint map w.r.t. the Riemannian metric.

Note that P†
y,z = Pz,y = P−1

y,z holds for all y, z ∈ TN . The matrix
transpose of an n × mmatrix is denoted by A⊤.

3. Shape control and velocity consensus

We assume that the dynamics of each agent on the circle are
given by the simple mechanical control system

z̈j + |żj|2zj = ıujzj. (1)

Here, the left hand side coincideswith the covariant second deriva-
tive ∇żj żj, while uj(t) ∈ R denotes a real valued input which
controls the acceleration of the jth agent.

In formation control and consensus protocols it is common
to assume that the couplings among the agents are subject to
communication constraints described by a graph. The vertices of
the graph correspond to the N agents and the edges to admissible
interconnections between the agents. In the sequel we allow for
two different graphs, an undirected graph Γ = (V, E) which
corresponds to the shape control task, while the edges of a directed
graph Γ ′

= (V, E ′) specify which agents do exchange information
on their velocities. If the in-degree of every vertex in Γ ′ equals
its out-degree, then Γ ′ is called balanced. Every undirected graph
satisfies this condition. The Laplacian matrix of Γ ′ is denoted by
L ∈ ZN×N , i.e. L = (lij) with

lij =

⎧⎪⎨⎪⎩
∑

k:ik∈E ′

1 for i = j

−1 for ij ∈ E
0 otherwise.

By abuse of notation we denote by L also the linear map T1TN
→

T1TN for which the matrix representation with respect to the basis
ıe1, . . . , ıeN of T1TN is given by the Laplacian. It is selfadjoint if
and only if Γ ′ is an undirected graph. A digraph is balanced if and
only if 1⊤L = 0, where 1 = (1, . . . , 1)⊤. Spectral properties
of the Laplacian matrix L of a digraph Γ ′ are well-known, see,
e.g., Fuhrmann and Helmke (2015) and Mesbahi and Egerstedt
(2010). For instance, all eigenvalues of L have nonnegative real
part. If Γ ′ is strongly connected and balanced, then the nonzero
eigenvalues of L + L⊤ are positive and Ker(L + L⊤) = R1.

To define velocity consensus we use parallel transport on S1,
i.e., the agents have reached velocity consensus if z−1

j żj = z−1
i żi

holds for all i, j = 1, . . . ,N . This amounts to all agents having
the same angular velocities. In Sarlette, Bonnabel, and Sepulchre
(2010) Sarlette et al. introduced the notion of coordination for
agents on a Lie group. They define coordination as fixed rela-
tive positions measured by right- resp. left-invariant error terms
between agents. Coordination implies identical left- resp. right-
invariant velocities (Sarlette et al., 2010, Prop. 1). If we consider
S1 as a Lie group our notion of velocity consensus consists also
of identical left-invariant velocities. However, these notions arise
from different concepts: While Sarlette et al. (2010) considers
relative positions (which would in our case be contrary to the
spirit of distance-based formation control), our notion arises from
Riemannian-geometric concepts. To achieve velocity consensus on

2 Note, that this is a specific property of the torus with the metric gT .
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