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a b s t r a c t

The adaptive control problemof high-order time-delay nonlinear systemswith lower-triangular or upper-
triangular structure is studied in this paper. Remarkably, by using the function scaling gain strategy
and homogeneous domination method, two kinds of explicit universal adaptive controllers are designed
such that all the states of the closed-loop system are globally bounded and the solutions of the original
system converge to zero. The robust adaptive controller is also designed by employing the σ -modification
method. Examples are provided to demonstrate the validness of the theory.
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1. Introduction

Recently, wide attention has been paid to adaptive control of
nonlinear systems with uncertainties and time delays, see Koo,
Choi, and Lim (2011), Liu and Tong (2017), Liu and Wu (2014) and
Wu (2009). One reason for this is that nonlinear systems usually
suffer from various uncertainties such as unknown parameters,
time-varying disturbances and so on. Ignoring these factors will
lead to poor system behavior. Another reason is that time-delay
phenomenon exists in many systems (Efimov, Polyakov, Perru-
quetti, and Richard, 2016; Liu and Chopra, 2014; Zhang, Liu, Baron,
and Boukas, 2011) (e.g., process industry system, mechanical sys-
tem and biological system). For many systems, uncertainties and
time delays are sources of instability, and hence should not be
neglected.

As for the strict feedback systemwith state time delay, constant
progress has beenmade over the past fewdecades, for instance, see
Guan (2012), Hua, Liu, and Guan (2009), Jiao and Shen (2005), Wu
(2009) and Yoo, Park, and Choi (2007). Particularly, in Wu (2009),
a robust adaptive method was successfully proposed for lower-
order time-delay nonlinear systems to achieve global stability. In
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Hua et al. (2009), by rigorously assuming nonlinear terms to be
bounded by a special function, the authors introduced the back-
stepping technique for a class of nonlinear time-delay systems. To
simplify the adaptive control design, an adaptive dynamic surface
control (DSC) method was further introduced in Yoo et al. (2007).
The above methods were mainly based on Lyapunov–Krasovskii
(L–K) method. As another control strategy, LaSalle–Razumikhin
(L–R) approachwas developed in Jiao and Shen (2005) for adaptive
control design of time-delay systems.

When the considered system involves input time delay, the
adaptive control problem tends to bemore challenging. Until now,
there have been a lot of outstanding work, see Bresch-Pietri and
Krstic (2010, 2014), Krstic (2010), Zhou, Wen, and Wang (2009),
Zhu, Krstic, and Su (2017), Zhu, Su, and Krstic (2015) and the
references therein. Specifically, to stabilize a class of uncertain
linear systems with input delay, the authors in Zhou et al. (2009)
raised a new adaptive backstepping method. Under different sys-
tem conditions, Zhu et al. (2015) further studied the adaptive
control problem and designed a controller using state feedback
strategy. Noting that the state signals sometimes could not bemea-
sured, Zhu et al. (2017) incorporated the adaptive backstepping
techniquewith theprediction-basedboundary controlmethod and
constructed a new adaptive output feedback controller. What is
more, in Bresch-Pietri and Krstic (2010), the authors presented a
novel delay-adaptive prediction-based control method for linear
systems with input delay. Later in Bresch-Pietri and Krstic (2014),
this innovative method was extended to study a class of nonlinear
systems with input delay. For more details of prediction-based
control, see Krstic (2010).
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Ever since the pioneering work (Lin and Qian, 2000), many
important results have been proposed for high-order nonlinear
systems whose Jacobian linearization is neither controllable nor
feedback linearizable, see Lei and Lin (2006), Lin, Chen, and Qian
(2017), Polendo and Qian (2007) and Su, Qian, and Shen (2017).
In recent several years, some of the studies have been further
conducted under the framework of time-delay control theory,
for example, see Gao, Wu, and Yuan (2016), Liu and Xie (2013)
and Zhang et al. (2011). However, when such systems contain
uncertainties in systems’ parameters, state time delays and input
time delays, to the authors’ best knowledge, few methods can
be employed for control design. The adaptive control problem of
delayed high-order nonlinear systems remain unsolved. On the
other hand, there exist very few methods discussing the univer-
sal adaptive control methods for nonlinear systems with lower-
triangular form or upper-triangular form. Then, some natural and
nontrivial questions are: Under some conditions, can we propose a
universal adaptive control strategy for nonlinear time-delay systems
with lower-triangular or upper-triangular form? When the systems
involve disturbances, is it possible to solve the robust adaptive control
problem?

In this paper, we will try to find solutions to these problems.
The main contributions are: (i) Universal strategies are proposed
to solve the adaptive control problem of nonlinear time-delay
systems. Different from the existing results such as Wu (2009),
Bresch-Pietri and Krstic (2010), Zhou et al. (2009), Zhu et al. (2017)
and Krstic (2010), the first method of this paper allows us to divide
the control design and the adaptive law design into two parts and
construct them separately. The second method does not need to
introduce parameter estimation and further simplifies the control
design. Moreover, with the third strategy in Theorem 3, we can
successfully construct a robust adaptive controller. (ii) A series of
obstacles are encountered and being solved. In order to design
the explicit unified controllers, new difficulties such as what kind
of the transformations should be introduced, how to choose the
dynamic gain, how to construct the L–K functionals, and how to
analyze the stability of the closed-loop systems are involved in
the process of control design. (iii) Compared with the existing
work (Guan, 2012; Wu, 2009; Yoo et al., 2007; Zhu et al., 2015),
in this paper, the restrictions on systems’ powers pi are relaxed to
pi ≥ 1(i ≥ 2). Moreover, the nonlinear terms can be in a lower-
triangular form or upper-triangular form, and the time-delay d(t)
needs not be known in advance. Also, the imperfection of the
‘‘explosion of complexity’’ problem is avoided in this paper. It can
be seen that the adaptive controllers here are much simpler than
those in Guan (2012), Jiao and Shen (2005) and Lv, Sun, and Xie
(2015). (iv) As an application, a delayed chemical reactor system is
considered to demonstrate the effectiveness of the method.

The remainder of this paper is organized as follows. Section 2
provides some preliminary results. Section 3 presents the adaptive
control strategy. Section 4 gives the extension results. Section 5
shows the robust control method. Section 6 gives two simulation
examples. Section 7 addresses some concluding remarks. This pa-
per contains two appendices.

Notations: In this paper, Rn denotes the set of real n-component
vectors. x̄i(t) = [x1(t), . . . , xi(t)]⊤ ∈ Ri, i = 1, . . . , n. A
continuous function h : R+

→ R+ satisfying h(0) = 0 is called
a class K∞ function if it is strictly increasing and lims→+∞h(s) =

+∞. We say f (t) ∈ L2 if (
∫

∞

0 f 2(s)ds)
1
2 exists. Besides, the ar-

guments of functions (or functionals) are sometimes omitted or
simplified, whenever no confusion arises from the context, for
example, we sometimes denote a function f (x(t)) by simply f (x),
f (·) or f .R≥ 1

odd := {
p
q | p and q are positive odd integers, and p ≥ q}.

The following parameters will be used later. In detail, ρ, λ, δ, δ̄, β0,
c̄i, cj, γj (i = 1, 2, j = 1, 2, 3), λ0 = ρ ·min{1, λ}, ϱ1 =

δ
λ0

+
2δ

(1−β0)λ0
,

λ1 = min{c̄1, c̄2}, and ϱ2 = (δ̄+δ2+2c3δ2/(1−β0))/λ1 are positive
constants, κi, a, b are some powers of the function H(M).

2. Preliminary results

The following definition and lemmas are to be used in this
paper.

Definition 1 (Yin, Khoo, and Man, 2017). A function V ∈ C(Rn,R)
is said to be homogeneous of degree τ ∈ R with the dilation
∆ε(x1, x2, . . . , xn) = (εr1x1, εr2x2, . . . , εrnxn) (ri, i = 1, 2, . . . , n
are fixed constants) if V (∆ε(x1, x2, . . . , xn)) = ετV (x1, x2, . . . , xn).

Lemma 1 (Polendo and Qian, 2007). For x, y ∈ R, real numbers
m > 0, n > 0, and a positive function a(x, y), there exists a function
µ(x, y) > 0 such that |a(x, y)xmyn| ≤ µ(x, y)|x|m+n

+
n

m+n ·( m
(m+n)µ(x, y)

)m
n |a(x, y)|

m+n
n |y|m+n.

Lemma 2 (Polendo and Qian, 2007). For x, y ∈ R, and p ∈ R≥ 1
odd,

there hold |x + y|1/p ≤ |x|1/p + |y|1/p, |x − y| ≤ 2(p−1)/p
|xp − yp|1/p.

Lemma 3. For q1 ∈ R≥ 1
odd, q2 ∈ R≥ 1

odd, and x ∈ R, y ∈ R, there

exist constants 0 < c1 < 1, c2 > 0 such that (x − y)
1
q1 yq2 ≤

−c1y
1
q1

+q2
+ c2x

1
q1

+q2 .

Proof. By Lemma 2, it follows that |(x−y)
1
q1 +y

1
q1 | = |(x−y)

1
q1 −

(−y)
1
q1 | ≤ 2|x|

1
q1 . Then, by considering two cases y ≥ 0 and y < 0

with Lemma 2, one can show the conclusion holds.

Lemma 4. For zi ∈ R, i = 1, 2, . . . , n, and a constant 0 ≤ q ≤ 2
which is a ratio of an even integer to an odd integer, there exist positive
constants ε1 and ε2 such that ε1

(∑n
i=1z

2−q
i

)(∑n
j=1z

q
j

)
≤

∑n
i=1z

2
i ≤

ε2
(∑n

i=1z
2−q
i

)(∑n
j=1z

q
j

)
.

Proof. It is not difficult to get
(∑n

i=1z
2−q
i

)(∑n
j=1z

q
j

)
=

∑n
i=1z

2
i +∑n

i,j=1,i̸=j

(
z2−q
i zqj

)
. By the definition of q, we see that z2−q

i ≥

0, zqj ≥ 0, i, j = 1, 2, . . . , n. This leads to
∑n

i=1z
2
i ≤(∑n

i=1z
2−q
i

)(∑n
j=1z

q
j

)
. On the other hand, by Lemma 1, one has

z2−q
i zqj ≤

2−q
2 z2i +

q
2 z

2
j , which shows that there exists a con-

stant ε0 > 0 such that
∑n

i,j=1,i̸=j

(
z2−q
i zqj

)
≤ ε0

∑n
i=1z

2
i . This

implies that (
∑n

i=1z
2−q
i )(

∑n
j=1z

q
j ) ≤ (1 + ε0)

∑n
i=1z

2
i . Now, let

us divide both sides by the constant 1 + ε0, it follows that
1

1+ε0

(∑n
i=1z

2−q
i

)(∑n
j=1z

q
j

)
≤

∑n
i=1z

2
i . Thus, the conclusion holds

with ε1 =
1

ε0+1 , ε2 ≥ 1.

3. Adaptive control of time-delay nonlinear systems

Consider the high-order nonlinear time-delay system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1 = xp12 + f1(θ, x, u, x(t − d(t)), u(t − dn+1(t))),
ẋ2 = xp23 + f2(θ, x, u, x(t − d(t)), u(t − dn+1(t))),

...

ẋn = upn + fn(θ, x, u, x(t − d(t)), u(t − dn+1(t))),

(1)

where x = (x1, . . . , xn)⊤ ∈ Rn and x(t − d(t)) = (x1(t −

d1(t)), . . . , xn(t − dn(t)))⊤ ∈ Rn are the state vector and the
delayed state vector, u ∈ R and u(t − dn+1(t)) ∈ R are the control
input and delayed input, respectively. θ is the unknown parameter
vector, dj(t), j = 1, 2, . . . , n+ 1 are time-varying delays satisfying
0 < dj(t) ≤ d0, ḋj(t) ≤ β0 < 1 for unknown constants d0, β0.
The system initial condition is x(s) = ξ0(s), s ∈ [−d0, 0] with ξ0(·)
being a specified continuous function. pi ∈ R≥ 1

odd are the system
powers, fi : Rm

×Ri
×Ri

→ R are unknown continuous functions.
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