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a b s t r a c t

This paper addresses the dynamic properties of a class of continuous-time switched nonlinear systems
with perturbations and delays. With the assumption that the nominal system is exponentially stable, it is
shown that the trajectory of the perturbed system exponentially decays to or asymptotically approaches
origin provided that the perturbation exponentially decays to or asymptotically approaches origin. These
properties are then applied to cascade systems for their stability analysis. It is proven that a delayed
switched nonlinear cascade system is exponentially stable if and only if all subsystems obtained from the
cascade system by deleting the coupling terms are exponentially stable. A sufficient condition ensuring
asymptotic stability of a cascade system is also proposed.
© 2017 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Many systems in the real world can be modeled by switched
systems with combined continuous and discrete states (Fu, Ma,
& Chai, 2015; Liberzon, 2003). A switched system consists of a
family of (finitely or infinitely many) dynamic subsystems with
a rule, called a switching signal, that orchestrates the switching
behavior among the subsystems. Researchers from the control and
system theory communities have been working with switched
systems due to their abilities to capture the dynamics of various
physical systems (Deaecto, Souza, &Geromel, 2015; Li, Soh, &Wen,
2005; Sun & Ge, 2011; Xiang & Xiao, 2011). Since nonlinearities,
perturbations, and delays widely exist in various engineering sys-
tems and have complicated impacts on their dynamics (Hale &
Verduyn Lunel, 1993; Yang, Zhong, Li, & Luo, 2009; Zamani, Shafiee,
& Ibeas, 2015), delayed switched nonlinear systems subject to
perturbations have been intensively investigated (Sun & Wang,
2013; Zamani, Shafiee, & Ibeas, 2014) andwill be further discussed
in the present paper.

Switched systems havemany complex dynamic properties. Sta-
bilities in the sense of Lyapunov were investigated in Mahmoud

✩ Thematerial in this paper was not presented at any conference. This paper was
recommended for publication in revised form by Associate Editor Luca Zaccarian
under the direction of Editor Daniel Liberzon.

E-mail addresses: xingwenliu@gmail.com (X. Liu), zhongsm@uestc.edu.cn
(S. Zhong), zhaoqc@tsinghua.edu.cn (Q. Zhao).

and AL-Sunni (2010), controllability and observability were stud-
ied in Baştuǧ, Petreczky, Wisniewski, and Leth (2016) and Pequito
and Pappas (2017), and the issue of stabilization was discussed
in Fu, Li, Chai, and Su (2016). Convergence characteristics were
deeply discussed in Serres, Vivalda, and Riedinger (2011) for
switched linear systems with different switching signals, without
considering the effects of perturbations. It is observed that there
exist different perturbations and each of them has different influ-
ence on system dynamics (Anh, Son, & Thanh, 2009). In Li, Zhao,
Dimirovski, and Liu (2010), the authors pointed out that if a nom-
inal delayed switched linear system is exponentially stable, and if
the exogenous perturbation asymptotically decays (exponentially
decay to or asymptotically approach zero), then the perturbed
system behaves as the perturbation. This paper mainly focuses on
the dynamics of systems subject to decaying perturbations.

Cascade systems have broad applications in engineering (Chen,
2009; Ding, Li, & Zheng, 2012). It is interesting and helpful to treat
cascade systems from the following viewpoint: Suppose that the
state x can be partitioned into two parts x =

[
xT1 xT2

]T such that
the evolution of x1 is not affected by x2 and x1 does impact on the
evolution of x2. In this situation, if x1 asymptotically approaches
zero, then it may be viewed as a decaying external perturbation of
x2. For nonlinear cascade systems, it is desirable to establish stabil-
ity condition by exploring the stability properties of all subsystems
obtained by deleting coupling terms, because each subsystem has
lower dimension and is easier to study. Inspired by the thought, it
was shown that a block triangular systemwith time-varying delays
(a special class of cascade systems) is exponentially stable if and
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only if each system described by the diagonal blocks of the original
systemmatrices is exponentially stable (Liu, 2014). This paper tries
to extend the results in Liu (2014) to cascade switched nonlinear
system with delays.

Based on the above observations, it is seen that exploring the
dynamics of switched nonlinear systems with delays and pertur-
bation is the key task in the present paper. There are different
methods to analyze and synthesize a system subject to pertur-
bations. The frequently used methods include H∞,H2 approaches
(Li & Xiang, 2016; Luan, Zhao, & Liu, 2013), where the Lyapunov
method was employed. This method is inapplicable here, since the
nominal system may be a delayed, perturbed, switched nonlinear
system, and in this situation a converse Lyapunov theorem has not
been established for exponential stability. The method employed
in Li et al. (2010) cannot be used here since the model in Li et al.
(2010) is linear. Therefore, some new approach is required.

The basic idea employed in the present paper lies in: a covering
function is constructed guaranteeing the converge of trajectory of
the perturbed systems. We call this method as ‘‘covering method’’.
The main contribution of the paper lies in the following two as-
pects: (1) it is shown that, with the assumption that the nominal
switched nonlinear system is exponentially stable, the perturbed
systemwill decay at an exponential rate if the perturbation decays
at an exponential rate, and will asymptotically approach zero if so
does the perturbation, both global and local cases are investigated.
(2) the previous findings are applied to cascade switched nonlinear
systems, showing that the stability property of a cascade system
can be analyzed in a decomposition manner.

Notation:R0,+ = [0, ∞) ,R+ = (0, ∞).N0 denotes the set of non-
negative integers andN = N0\{0}. For anym ∈ N,m = {1, . . . ,m}.
|a| is the absolute value of a real number a. ⌈a⌉ is the minimum
integer not less than real number a. ∥x∥∞ = max {|x1| , . . ., |xn|}
is the l∞ norm of vector x ∈ Rn, and for simplicity, is denoted
by ∥x∥. For any continuous function x (s) on [−d, a) with scalars
a > 0, d > 0 and any t ∈ [0, a), xt denotes a continuous
function on [t − d, t] defined by xt (θ) = x (t + θ) for each θ ∈

[−d, 0]. ∥xt∥ = supt−d≤s≤t {∥x(s)∥}. Ba = {x ∈ Rn
: ∥x∥ < a}.

C ([a, b] ,Rn) is the set of continuous functions from interval [a, b]
to Rn. Cδ([a, b] ,Rn) = {x ∈ C([a, b] ,Rn) : ∥x∥ < δ}.

2. Preliminaries and problem statements

Consider the following switched nonlinear system:

ẋ(t) =fσ (t)(t, xt ), t ≥ t0

x(t) =φ(t), t ∈ [t0 − d, t0]
(1)

where t0 ≥ 0, x(t) ∈ Rn is the state, σ : [t0, ∞) → m is
a switching signal with m being the number of subsystems. It is
assumed that σ (t) is with switching sequence {ti}∞i=0 satisfying ti >
ti−1(∀i ∈ N) and limi→∞ti = ∞ and that σ (t) is piecewise constant
and continuous from the right. For each l ∈ m, fl maps [t0, ∞) ×

C([−d2l, −d1l] ,Rn) into Rn with d1l and d2l being constants, 0 ≤

d1l ≤ d2l, d = maxl∈m {d2l}. φ(t) ∈ C([t0 − d, t0] ,Rn) is an initial
vector-valued function.

The following assumption is made for system (1).

Assumption 1. fl is continuous on [t0, ∞)× C ([−d2l, −d1l] , Rn).
Moreover, there exist positive scalars L, δ such that

∥fl (·, x) − fl (·, y)∥ ≤ L ∥x − y∥

x, y ∈ Cδ

(
[−d2l, −d1l] ,Rn) (2)

If δ = ∞, then fl is globally Lipschitz.

There are different kinds of switching signals some of which are
defined below.

Definition 2 (Liberzon, 2003). For switching signal σ , τd ∈ R+ is
said to be the dwell time of σ if ti+1 − ti ≥ τd, ∀i ∈ N0. For any
T > t ≥ t0, let Nσ (T , t) be the switching numbers of σ on the
open interval (t, T ). σ is said to have average dwell time τa and
‘‘chatter-bound’’ N0 if there exist two positive numbers N0 and τa
such that Nσ (T , t) ≤ N0 +

T−t
τa

. A switching signal σ is said to be
periodic if there exists a scalar κ > 0 such that σ (t + κ) = σ (t)
holds for any t ≥ t0, such a minimal κ is called the period of σ .

The following four sets of switching signals are frequently en-
countered in literature (Liu & Liu, 2016) and will be considered
in the sequel: (i) S1 = {σ : σ has finite many discontinuities
on any finite interval} ; (ii) S2(N0, τa) = {σ : σ has average dwell
time τa and chatter-bound N0}; (iii) S3(τd) = {σ : ti+1 − ti ≥ τd >
0, ∀i ∈ N0}; and (vi) S4 (κ) = {σ : σ has a period κ}. A system
has a certain property over a given set S of switching signals if the
property holds for all switching signals in S. In what follows, it is
assumed that the switching signal set S is any one of the four sets:
S1, S2(N0, τa), S3(τd), S4 (κ). In order to avoid any ambiguity, we
will explicitly point out a system has a property ‘‘over S′′ when the
underlying set S needs to bementioned, otherwise ‘‘over S′′ will be
omitted.

Definition 3 (Khalil, 2002). A continuous function α : [0, a) →

[0, ∞) is said to belong to class K if it is strictly increasing and
α(0) = 0, where a is any positive real number or ∞, and is said to
belong to classK∞ if it belongs to classK andα(r) → ∞ as r → ∞.
A continuous function β : [0, a) × [0, ∞) → [0, ∞) is said to
belong to class KL if, for each fixed s, the mapping β (r, s) belongs
to class K with respect to r and, for each fixed r , the mapping
β (r, s) is decreasing with respect to s and β (r, s) → 0 as s → ∞.

Definition 4 (Mahmoud, 2010). Denote x (t; t0, φ) the solution to
(1) with starting time t0 and initial function φ. System (1) is locally
uniformly exponentially stable (LUES) if there exist positive scalars
α, γ , δ such that ∥x (t; t0, φ)∥ ≤ α exp (−γ (t − t0)) ∥φ∥ , ∀t0 ≥

0, t ≥ t0, ∥φ∥ ≤ δ; if δ can be arbitrarily large, then system (1)
is globally uniformly exponentially stable (GUES). System (1) is
locally uniformly asymptotically stable (LUAS) if there exists a class
KL function β such that ∥x (t; t0, φ)∥ ≤ β (∥φ∥ , t − t0) , ∀t0 ≥

0, t ≥ t0, ∥φ∥ ≤ δ; if δ can be arbitrarily large, then (1) is globally
uniformly asymptotically stable (GUAS).

Consider the following perturbed system of (1)

ẏ(t) = fσ (t) (t, yt) + u(t), t ≥ t0

y(t) = φ(t), t ∈ [t0 − d, t0] .
(3)

For system (3), two assumptions are imposed on perturbation
u(t) in different situations.

Assumption 5. There exist α1 > 0, γ1 > 0 such that ∥u(t)∥ ≤

α1 exp (−γ1 (t − t0)) , t ≥ t0.

Assumption 6. There exists a function ρ : R0,+ → R0,+
which ismonotonically decreasing and converges to zero such that
∥u(t)∥ ≤ ρ (t − t0) , t ≥ t0.

Objectives: With the assumption that system (1) is exponentially
stable, we will first explore the dynamic properties of system (3)
with perturbation u(t) satisfying Assumptions 5 or 6, and then
apply these properties to establish stability criteria for cascade
systems.

3. Dynamics of delayed switched systems with perturbations

This section investigates the dynamics of switched systems
with perturbations. To fulfill the task, we need to estimate the
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