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Abstract: The LMI technique is very popular in modern control theory and applications due
to powerful MATLAB-based LMI solvers and efficient interfaces provided by YALMIP package.
This motivates wide application of this technique in control education. Nowadays, there exist
good textbooks on the subject written for the graduate level but, in authors’ opinion, a short
course is needed for the undergraduate level. This course is preceded by the basic course on
control theory. In this paper, the authors’ experience of developing a short course is described.
The sketch and most important issues of this course are also presented.
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1. INTRODUCTION

Linear matrix inequalities (LMIs) are a powerful tool
for solving many control problems. The theoretical back-
ground of the LMI technique is presented in the well-
known book Boyd et al. (1994), see also Polyak et al.
(2014). This field has long and bright history and is
connected with the names of Lyapunov, Yakubovich (the
grandfather and father of the field, respectively (see Boyd
et al., 1994)), Kalman, Popov, Willems and many other
outstanding scientists. The active usage of the LMI tech-
nique starts since the 1980s with development of powerful
numerical interior point methods for solving LMIs in an
efficient manner (Nesterov and Nemirovsky, 1994). Cur-
rently, several commercial and noncommercial software
packages are available for a simple coding of the general
LMI problems and the efficient numerical solution of the
typical control problems.

Nowadays, there exist good textbooks on LMIs in systems
and control that are intended for a graduate-level course.
In particular, consider the well-known course within the
graduate program of the Dutch Institute of Systems and
Control (DISC)(Scherer and Weiland, 2005). The DISC
course has the format of two class hours weakly during
the period of eight weeks. At the DISC, the first course
on LMIs in control was offered in 1997, when the first
draft of this book was distributed as lecture notes among
the students. The lecture notes were evaluated by many
students yielding much criticism that was taken into
account in the next editions.

In authors’ opinion, an undergraduate course on LMIs is
needed in control education. Indeed, the basic notions of
the LMI technique only require academic background in
linear algebra and calculus that is given at the under-

* This work is performed in framework of contract
No. 2.1748.2014/K with Ministry of Education and Science of
Russia

graduate level (Bachelor program). Based on this fact, the
authors have developed a short course within the varia-
tive part of the undergraduate curriculum. This course is
preceded by a basic course on control theory. Some prelim-
inary motivation of this course was considered in (Pakshin
et al., 2012). This paper presents the sketch and most
important issues of this course.

2. THE STRUCTURE AND KEY POINTS OF THE
COURSE

2.1 FExponential Stability

The course starts with formulation of the exponential sta-
bility concept. This concept is clearly defined, representing
a global form of stability important for many applications.
Consider a nonlinear system described by the state-space
model

.’L‘(t) = f(t,(E(t)), t Z t(), ,T(to) = X, (1)
where x € R™ denotes the state vector, f is a nonlinear
vector function satisfying the Lipschitz condition with a
constant L uniformly in ¢, i.e.,

‘f(t,!L‘/) - fl(ta (L‘N)| < L|{L’/ - m” ) xl?x// € Rny
and | - | means the Euclidean norm. Also, assume that
f(t,0) = 0. In this case, z(t) = 0 satisfies (1), yielding the
equilibrium state of the system.
Definition 1. The equilibrium state x(t) = 0 is said to be

exponentially stable if there exist positive numbers « and
A such that

lz(8)| < alz(to] exp(=A(t — to))- (2)

The following theorem by N.N. Krasovskii (Krasovskii,
1963) gives sufficient conditions of exponential stability.

Theorem 1. Suppose there exist a scalar function V (¢, x)
and positive constants c¢1, co, c3 satisfying the inequalities
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ale? SV(ta) < ealaf?, (3)
v (t
TE2 < ey, (@
ol
where V() o = Witolde _ OVILD) p(4 4} is the

derivative along the trajectories of (1). Then the equilib-
rium state of the system (1) is exponentially stable.

This theorem can be restated as follows.

Theorem 2. If the system (1) is exponentially stable, then
there exists a scalar function V (¢, z) satistying (3) and (4).

As the form of V (¢, x) is unknown in the general case, it is
difficult to find such a function satisfying Theorems 1 and
2 simultaneously. For the linear time-invariant systems,
this function is proved to represent a quadratic form. In
this case, the state-space description of (1) is reduced to

& = Az, (5)
where A is a constant n X n matrix.

Theorem 3. The equilibrium state of the system (5) is
exponentially stable if and only if, for any given positive
definite quadratic form W(z) = 2TQux, there exists a
positive definite quadratic form V(z) = 27 Px satisfying
the equation
dv (z)
dt

= —W(z). (6)
(5)

2.2 Lyapunov Equation and Lyapunov Inequality

Equation (6) has a solution if and only if the matrix
Lyapunov equation

ATP+PA=—Q (7)

has a positive definite solution P = PT for any given
positive definite matrix Q = Q7.

Theorem 4. The Lyapunov equation (7) has a positive
definite solution P = PT for any given positive definite
matrix @ = Q7 if and only if the matrix A is a Hurwitz
matrix.

The matrix inequality
ATP+PA+Q =<0 (8)

is called the Lyapunov inequality. The next Theorem es-
tablishes a connection between the Lyapunov equation (7)
and the Lyapunov inequality (8).

Theorem 5. The Lyapunov inequality (8) has a positive
definite solution P; = PI if and only if the Lyapunov
equation (8) has a positive definite solution P, = P! and

P, = P..
2.8 Linear Matrixz Inequalities and Convexr Analysis

The Lyapunov inequality can be reduced to a special form
with respect to the entries of the matrix P. For simplicity,

a11 012]
b

consider a particular case with A =

[ml 56'2:| then

a21 a22

o T3

ATP+PA+Q :F(x) = F0+£L'1F1+£L'2F2+SU3F3, (9)

ai a
where z = [z1 72 22]T, Fy = Q, F1 = [GE (1)2] , By =

2a21 a1+ age | 0 an
a1y aze  2a9 , F3 = [am 2a22} . In the general
case, let | = n(n + 1)/2 and Ei,...,E; be the basis

Snxn

matrices in the space of the symmetric matrices.

!
Then P =Y z;F; and
i=1

l
ATP+PA+Q=F(x)=Fy+ Y =F, (10)
i=1

where Fy = Q, F; = (ATE; + E;A), i = 1,...,1. The
functions in the right-hand sides of (9) and (10) belong to
the class of the functions F' : Rt — S"*" defined by

l
F(z)=Fy+ Y z:F, (11)
1=1

where F;, = FI € S™" i = 0,...,] are known fixed
real symmetric matrices and x;, ¢ = 1,...,[ are scalar
variables.

Definition 2. A linear matrix inequality (LMI) in the
canonical form is an inequality

F(z) <0,
where F' is defined by (11)

(12)

It seems very important to notice here that the linear
matrix inequality (12) defines a convex constraint in z.
That is, the set

S ={z|F(z) <0}
of the solutions of the LMI (12) is convex. This fact can

be easily checked directly. Let 1,29 € S and « € (0,1);
then

F(az; + (1 — a)ze) = aF(x1) + (1 — a)F(z2) < 0,
since F' is affine, & > 0 and (1 — «) > 0. A considerable

role in LMI techique is played by the Schur complement
lemma.

Lemma 1. Let F(xz) be an affine function having the
partition

_ | Fu(z) Fia(x)
Fla) = {Fm(x) F2Z($)} <0

where Fi1(z) is square. Then F(z) < 0 if and only if

Fll(-T) =< 0,
FQQ(LE) — Fgl(l')[Fll(l')]ilFlg(l') < O,

or

FQQ(J?) =< O,
Fn(f[:) — F12($)[F22(£L')]_1F21($L‘) < 0.

It seems very important to fix attention on the following
simple lemma, being a key result in robust stability and
stabilization subject to the affine or polytopic uncertain-
ties.

Lemma 2. Let f : & — R be a convex function and
S = co(Sp). Then f(x) < v for all x € S if and only if
f(z) <~ forall x € Sp.
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