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a b s t r a c t

This paper investigates the problem of finite time consensus for a group of uncertain nonlinear
mechanical systems under single-way directed communication topology and actuation failures. Due to
the existence of the unknown inherent nonlinear dynamics and the undetectable actuation faults, the
resultant control gain of the system becomes unknown and time-varying, making the control impact on
the system uncertain and the finite time control synthesis nontrivial. The underlying problem becomes
further complex as the communication among the agents is not only local but also one-way directed.
In this work, three major steps are employed to circumvent the aforementioned difficulties, leading to
a robust adaptive fault-tolerant finite time consensus solution. Firstly, by deriving a useful property on
the newly constructed Laplacian matrix, the technical difficulty in finite time control design and stability
analysis is circumvented; Secondly, to deal with the time-varying and uncertain control gain, the concept
of virtual parameter estimation error is introduced and incorporated into a skillfully chosen Lyapunov
function; Thirdly, to facilitate the global stability analysis of the proposed adaptive fault-tolerant finite
time consensus scheme for multiple nonlinear systems, an important lemma (Lemma 7) containing a
useful inequality is derived. In addition, the finite convergence time for each agent to reach the required
consensus configuration is explicitly established and recipes for control parameter selection to make
the residual errors as small as desired are provided. The effectiveness of the proposed control scheme
is confirmed by numerical simulation.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In cooperative control of multi-agent systems (MAS), it is often
required that the consensus be reached in finite time as such
feature offers numerous benefits including faster convergence rate,
better disturbance rejection, and robustness against uncertainties
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(Bhat & Bernstein, 2000; Haimo, 1986). Finite time consensus
control for single or double integrator linear MAS has been well
addressed, such as Chen, Lewis, and Xie (2011), Li, Du, and Lin
(2011), Wang and Xiao (2010), Xiao, Wang, Chen, and Gao (2009),
Zhang and Yang (2013) and so forth. The finite-time consensus
problem for nonlinear MAS has also been extensively studied. For
instance, the finite-time consensus problem for first-order MAS
with unknown nonlinear dynamics was addressed in Cao and Ren
(2014) with the assumption that the nonlinear dynamics satisfies
the Lipschitz condition. Distributed finite-time consensus for first-
order nonlinear systems was investigated in Li and Qu (2014)
by using nonsmooth analysis, where the proposed controller
is discontinuous and the nonlinear function is assumed to be
uniformly bounded. The finite-time synchronization for a class of
second-order nonlinearMAS is studied inDu, He, and Cheng (2014)
by using homogeneity technique, where the Lipschitz condition
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on the nonlinear term is imposed. It is noted that under Lipschitz
or homogeneity condition, the finite-time consensus problem
for nonlinear MAS can be handled by methods similar to the
consensus problem for linear systems. More recently, efforts have
been made by using adaptive method in addressing finite time
consensus for MAS with nonlinearities subject to bilateral graph
topology (Huang,Wen,Wang, & Song, 2015; Yu, Shen, & Xia, 2013).
However, it is worth noting that the uncertainties are assumed to
exhibit the linear parametric property, withoutwhich the adaptive
methods for finite time consensus (Huang et al., 2015; Yu et al.,
2013) are inapplicable.

Another area of interest is how to achieve consensus with
the least possible topological requirement. Note that all of
the aforementioned results are derived with somewhat special
topological requirements such as undirected connected graph
(Du et al., 2014; Huang et al., 2015; Li et al., 2011; Yu et al.,
2013), digraph but detailed-balanced (Chen et al., 2011; Zhang &
Yang, 2013), or strongly connected digraph (Wang & Xiao, 2010;
Xiao et al., 2009). Compared with the undirected topology, the
finite-time consensus of MAS with directed topology is much
more challenging mainly because the Laplacian matrix under
directed graph is no longer symmetric. It should be mentioned
that the digraph with detail-balanced condition largely reduces
the complexity for convergence analysis as the corresponding
Laplacian matrix under this condition can be made symmetric by
using the ‘‘diagonal matrix multiplication’’ method (Chen et al.,
2011; Zhang & Yang, 2013).

To our best knowledge, leaderless fault-tolerant finite-time
consensus control for MAS with non-parametric uncertainties and
undetectable actuation faults under directed topology is still an
open problem. In this paper, we attempt to provide a solution
to this problem. Compared with the existing related works, this
work differs in four aspects: (1) unknown and time-varying
control gains are explicitly tackled; (2) the nonlinearities and
uncertainties do not have to satisfy linear parametric property; (3)
additive and loss of effectiveness actuation faults are addressed;
and (4) the finite time consensus is achieved with sufficient
precision under single-way directed communication constraints.
The main contributions of this work are summarized as follows.
Firstly, the finite-time consensus control scheme is derived for
a group of uncertain nonlinear mechanical systems under the
directed communication topology. Such solution is made possible
by developing an important graph theory result on the newly
defined Laplacian matrix in Lemmas 5 and 6. It is shown that
all the internal signals are ensured to be uniformly bounded and
the consensus configuration error uniformly converges to a small
residual set in finite time. Secondly, by introducing the skillfully
defined weighting parameter estimate error and by establishing
an important inequality in Lemma 7, the lumped uncertainties
in the system with unknown and time-varying control gains are
compensated gracefully. Thirdly, the unknown and undetectable
actuation failures, including both loss of effectiveness faults
and additive faults, are explicitly accommodated. This is the
first literature report addressing finite time consensus with
fault-tolerant capability for MAS in the presence of one-way
communication interactions and unknown time-varying control
gains.

The rest of this paper is organized as follows. In Section 2,
the problem formulation and some useful preliminaries are
addressed. The adaptive fault-tolerant finite-time control scheme
is developed in Section 3. In Section 4 numerical simulation is
conducted and Section 5 concludes the paper.

2. Problem formulation and preliminaries

Throughout this paper, the initial time t0 is set as t0 = 0without
loss of generality; 1n(0n) ∈ Rn denotes a vector with each entry
being 1 (0); ⊗ denotes the Kronecker product; For a vector X =

[x1, . . . , xn]T , |X | = [|x1|, . . . , |xn|]T with | · | the absolute value of
a real number, Xh

= [xh1, . . . , x
h
n]

T with h ∈ R, and ∥X∥ denotes the
Euclidean norm; J = {1, . . . , n} denotes the set of node indexes.

2.1. Problem formulation

The MAS considered in this paper is a group of nonlinear
mechanical systems modeled by

ṙk(t) = vk(t),
gk(t)v̇k(t) = uak + Fk(rk, vk) + Dk(t), k ∈ J, (1)

where rk = [rk1, . . . , rkl]T ∈ Rl, vk = [vk1, . . . , vkl]
T

∈ Rl

and uak = [uak1, . . . , uakl]
T

∈ Rl represents, respectively, the po-
sition, velocity and control input of the kth subsystem; gk ∈ Rl×l

is unknown and time-varying, Fk(·) and Dk(·) denote system non-
linearities and external disturbance acting on the kth subsystem,
respectively.

In contrast to most existing works on finite-time distributed
control that are based on healthy actuation of MAS, in this work
actuators with undetectable faults are considered. In this case, the
actual control input uak does not behave in the way as designed by
uk. Instead, it acts according to (Wang, Song, & Lewis, 2015)

uak = ρk(t, tρk)uk + urk(t, trk), k ∈ J (2)

where ρk = diag{ρk1, . . . , ρkl} ∈ Rl×l indicates the actuation effec-
tiveness of the kth agent; urk(·) ∈ Rl is the uncontrollable additive
actuation fault; tρk = [tρk1, . . . , tρkl]T and trk = [trk1, . . . , trkl]T ,
with tρki and trki (i = 1, 2, . . . , l) denoting, respectively, the time
instant at which the loss of actuation effectiveness fault and the
additive actuation fault occurs in the ith actuator of the kth agent.

The objective in this paper is to design a distributed adaptive
fault-tolerant controller such that the synchronization of the
multiple mechanical nonlinear systems under one-way directed
communication interactions is achieved in finite time. Namely,
the agreement configuration among the subsystems (agents) is
reached with adjustable bounded error in finite time. Before
designing controller, the following assumptions are in order.

Assumption 1. The directed communication networkG is strongly
connected.

Assumption 2. The matrix gk = diag{gki}, where gki (i = 1, . . . , l)
is unknown and time-varying yet bounded away from zero, that
is, there exist unknown constants g and ḡ such that 0 < g ≤

|gki(·)| ≤ ḡ < ∞ and gki(·) is sign-definite (without loss of
generality, we assume sgn(gki) = +1 in this paper).

Assumption 3. For the nonlinear term Fk(·), there exist a bounded
constant matrix cfk = diag{cfki, . . . , cfkl} ∈ Rl×l (0 < cfki < ∞

are unknown constants) and a function vector φk(rk, vk) =

[φk1, φk2, . . . , φkl]
T

∈ Rl (φki(rki, vki) ≥ 0 is known scalar
function), such that |Fk(·)| ≤ cfkφk(·). It is assumed that if rki and
vki are bounded, so is φki(·). For the external disturbance Dk(·),
there exists an unknown constant vector dmax

k = [dmax
k1 , . . . , dmax

kl ]
T

(0 ≤ dmax
ki < ∞ is unknown and bounded constant (i = 1, . . . , l)),

such that |Dk(·)| ≤ dmax
k .
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