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a b s t r a c t

We propose a new approach for dynamic control of redundant manipulators to deal with multiple
prioritized tasks at the same time by utilizing null space projection techniques. The compliance control
law is based on a new representation of the dynamics wherein specific null space velocity coordinates
are introduced. These allow to efficiently exploit the kinematic redundancy according to the task
hierarchy and lead to a dynamics formulation with block-diagonal inertia matrix. The compensation of
velocity-dependent coupling terms between the tasks by an additional passive feedback action facilitates
a stability analysis for the complete hierarchy based on semi-definite Lyapunov functions. No external
forces have to be measured. Finally, the performance of the control approach is evaluated in experiments
on a torque-controlled robot.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Manipulators with more degrees of freedom (DOF) than nec-
essary for a specific task have several advantages compared to
their non-redundant counterparts. Kinematic redundancy usually
leads to a larger dexterous workspace and it provides the ca-
pability to incorporate additional, simultaneous subtasks. These
properties are essential for robots operating in dynamic and un-
structured environments, e.g. households or crowded places. Sev-
eralways exist to control a robot in its task space (Li & Cheah, 2013;
Moosavian & Papadopoulos, 2007), but the Operational Space For-
mulation (OSF) by Khatib (1987) is probably the most well-known
concept. Decoupled linear dynamics on the main task level, which
is similar to feedback linearization in nonlinear control theory, al-
lows to separately handle different simultaneous tasks. A dynam-
ically consistent priority-based hierarchy among these tasks can
be set up by utilizing null space projection techniques (Dietrich,
Wimböck, Albu-Schäffer, & Hirzinger, 2012b; Khatib, Sentis, Park,
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&Warren, 2004;Nakamura, Hanafusa, & Yoshikawa, 1987; Sentis &
Khatib, 2005; Siciliano & Slotine, 1991). However, a stability proof
for the complete robot using theOSF is not known (Nakanishi, Cory,
Mistry, Peters, & Schaal, 2008). Early works on redundancy res-
olution involved the augmentation of additional task coordinates
(Baillieul, 1985)which lead, however, to new algorithmic singular-
ities and inertial couplings. A dynamic decoupling between the pri-
mary task and the null space subtasks can be achieved via shaping
of the reflected inertia. The extended task space approachwas gen-
eralized to compliant motion control by Peng and Adachi in Peng
and Adachi (1993).

If external forces are considered, then it is necessary to
incorporate them in the controller to obtain a decoupled behavior
w.r.t. these forces, such as in the OSF. While forces exerted on the
end-effector can often be measured by a six-axis force–torque-
sensor, external forces acting in the null space are more
problematic and require observers or additional instrumentation.
It is well known that impedance control can be implemented
without measurement of external forces, if the desired impedance
is characterized by a desired compliance in terms of stiffness
and damping (Albu-Schäffer, Ott, Frese, & Hirzinger, 2003). In
this case the desired inertia corresponds to the natural inertia
of the robot. In Natale, Siciliano, and Villani (1999), a spatial
Cartesian impedance controller was extended by an additional
null space control action so that asymptotic convergence of the
null space velocity error term could be shown. In the context of
impedance control, the minimization of a quadratic norm of a
lower-priority impedance error has been treated in Platt, Abdallah,
andWampler (2010). Recently we have developed passivity-based
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whole-body compliance control concepts utilizing joint torque
sensing (Dietrich, Wimböck, Albu-Schäffer, & Hirzinger, 2012a;
Dietrich et al., 2012b). Several works treated the problem of
prioritized multi-task control at the kinematic level. Chiaverini
(1997) proposed a singularity-robust inverse kinematics for a
simple hierarchy of two tasks. Antonelli (2009) provided a stability
proof for prioritized closed-loop inverse kinematics. However,
only the kinematic case was covered in that work. Another issue
in the context of hierarchy-based control is the occurrence of
discontinuities in the control law due to a change in the rank of
the Jacobian matrices or in the inequality constraints. Mansard
et al. have dealt with these issues in Mansard, Khatib, and Kheddar
(2009). In Ott, Kugi, and Nakamura (2008), we have presented
a stability analysis for a null space compliance controller with a
simple hierarchy of two priority levels. A primary Cartesian task
is inertially decoupled from a null space task by proper choice
of coordinates, and asymptotic stability is shown utilizing semi-
definite Lyapunov functions. The dynamics formulation is based on
Park (1999), where the primary task coordinates are augmented
by appropriate dynamically consistent null space velocities. As a
result, the inertia matrix of the error dynamics becomes block-
diagonal which corresponds to a decoupling of the kinetic energies
related to the priority levels. A similar dynamics formulation
was also utilized by Oh (Oh, Chung, & Youm, 1998) for the
implementation of an impedance controller. The stability analysis,
however, was limited to null space damping. The non-integrability
of the null space velocities represents a major obstacle for such a
stability analysis (Ott et al., 2008).

Recently Nakanishi et al. compared eight established OSF
controllers froma theoretical and empirical perspective (Nakanishi
et al., 2008). Although exponential stability can be shown for the
main task the authors state that ‘‘null space dynamics so far resist
insightful general analytical investigations (. . . ) If stability could be
proven for this family of operational space controllers, operational
space control would be lifted to a more solid foundation’’. Control
approaches for the tracking problem of redundant manipulators
have been proposed lately, which also enable a stability analysis
of the null space error. The subtask convergence is handled by
a kinematic approach and the resulting joint velocity is utilized
within a task space controller (Sadeghian, Keshmiri, Villani, &
Siciliano, 2012; Zergeroglu, Dawson, Walker, & Setlur, 2004). An
extended OSF approach with stable null space posture control was
presented in Sentis, Petersen, and Philippsen (2013). In all these
works the tracking problem in the absence of external forces was
considered.

Here, we extend the work initiated in Dietrich, Ott, and Albu-
Schäffer (2013) and Ott et al. (2008). In Ott et al. (2008), null space
compliance controlwas proposed,which utilizes a decoupling con-
trol action to separate a high priority task from one null space
task. In Dietrich et al. (2013), we considered a hierarchy of multi-
ple prioritized tasks. Here we condense these works, reduce them
to the essential, compare them to the state of the art, and dis-
cuss the stability properties. Experiments on a torque-controlled
robot validate the results. Our first contribution is the derivation
of a dynamics formulation which features a hierarchical decou-
pling between the tasks. Based on this formulation, we implement
a compliance controller for all priority levels, which does not re-
quire feedback of external forces and inertia shaping. Our second
contribution is the stability analysis of the closed-loop system via
semi-definite Lyapunov functions. This analysis is based on pas-
sivity theory and is made possible thanks to the specific dynamics
representation. To the best of our knowledge, it is the first stability
proof for a complex hierarchy with an arbitrary number of priority
levels.

The article is organized as follows: after the problem formu-
lation in Section 2, the hierarchical dynamics is derived in Sec-
tion 3. Section 4 addresses the control design. Section 5 contains

the stability analysis and the discussion to compare the approach
to the state of the art. Section 6 shows experiments on a torque-
controlled robot.

2. Problem formulation

2.1. Multi-task compliance control

The dynamic equations of a robot with n DOF can be written as

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ + τext. (1)

The symmetric, positive definite inertia matrix is given by
M(q) ∈ Rn×n and depends on the joint configuration q ∈ Rn.
Coriolis and centrifugal effects are represented by C(q, q̇)q̇ ∈ Rn,
gravitational effects are taken into account by g(q) ∈ Rn. The
generalized forces τ ∈ Rn are considered as the control inputs,
τext

∈ Rn denotes the external forces. The term C(q, q̇) complies
with the property Ṁ(q, q̇) = C(q, q̇) + C(q, q̇)T , which is
equivalent to the skew symmetry of Ṁ(q, q̇) − 2C(q, q̇).

We introduce r task coordinate vectors defined via the
mappings xi = fi(q) ∈ Rmi ∀ 1 ≤ i ≤ r . These tasks with the
respective dimensionsmi are arranged in a hierarchical order. The
priority levels are defined such that i = 1 is top priority and ia < ib
implies that ia is located higher in the priority order than ib. The
mappings from joint velocities to task velocities are given by the
Jacobian matrices Ji(q) ∈ Rmi×n

∀1 ≤ i ≤ r:

ẋi = Ji(q)q̇, Ji(q) =
∂fi(q)
∂q

. (2)

All Jacobian matrices are assumed to be of full row-rank. The pri-
mary task is supposed to have the dimension m1 < n so that a
kinematic redundancy of n − m1 DOF remains to accomplish the
subtasks in its null space. We aim at a prioritized compliance con-
trol and define a task hierarchy which complies with the following
conditions:

(1) A task of priority ib maynot disturb any task of priority ia where
ia < ib. Lower-priority tasks are executed in the null space of
all higher-priority tasks.

(2) Each control task can be described by a p.d. potential function
Vi(x̃i(q)) w.r.t. x̃i = xi − xi,d with the desired equilibrium
xi,d. The damping is specified by a p.d. damping matrix
Di(q) ∈ Rmi×mi .

(3) The dimension mr of the lowest level task may be larger than
n −

r−1
i=1 mi so that the dimension n of the joint space is

exceeded by the total dimension of all tasks. A typical example
of this would be a joint level compliance on the lowest priority
level.

2.2. Relation to the operational space formulation

Some important properties of the OSF (Khatib, 1987) shall be
reviewed for which also an extension to multiple prioritized tasks
exists (Sentis & Khatib, 2005). We limit our discussion mainly to
the issue of inertia shaping related to the main task and refer to
Nakanishi et al. (2008) for a more exhaustive analysis of different
OSF controllers and their extension to kinematically redundant
robots. The main objective is a decoupled dynamics on level one.
In case of interaction control, the desired dynamics takes the form

3dẍ1 + Ddẋ1 + Kdx̃1 = F ext
1 , (3)

where3d,Dd, andKd are the desired inertia, damping, and stiffness
matrix. The external force F ext

1 in the task space is collocated to
ẋ1. For position control as discussed in Khatib (1987), one usually
chooses 3d = I and omits the external force on the right hand
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