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This paper aims to solve the adaptive stabilization problem for a class of stochastic high-order nonlinear
systems with stochastic inverse dynamics and nonlinear parameterization. Under the weaker assump-
tions on stochastic inverse dynamic and nonlinear functions, by generalizing the adding a power integra-
tor technique, using the idea of changing supply function and parameter separation technique, a smooth
adaptive partial-state feedback controller is constructed to render the closed-loop system globally stable
in probability and all states can be regulated to the origin almost surely. The effectiveness of the designed
controller is demonstrated by a simulation example.
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1. Introduction Xi = (XL, + fi(z, %, 0))dt + gl (z, %, 0)do,
i=1,...,n—1,
dxp = (U + fo(z, x, 0))dt + g, (2, X, O)dw, (1)

where z € R™ is the unmeasurable stochastic inverse dynamics,

In recent years, the study of stabilization problems on stochastic
nonlinear systems has achieved remarkable development, see,
e.g., Deng and Krsti¢ (1997), Deng, Krsti¢, and Williams (2001), Fan,
Han, Wen, and Xu (2012), Krsti¢ and Deng (1998), Liu and Zhang

T n : .
. ; O - X = (X1,...,X R" is the system state, u € R is the system
(2008), Shi, Luan, and Liu (2012), Wu, Cui, Shi, and Karimi (2013), Comrg]lmput )_(’{) _e(x ! X.)%’ o ne& ' ) eye R
Zhang, Boukas, and Lam (2008), Zhou, Shi, Liu, and Xu (2012), Zhou, ) A s
is an unknown constant vector,p; € R* =: { e R : ¢ > 1

Shi, Xu, and Li (2013) and the references therein. This paper will
consider the following stochastic high-order nonlinear systems
with stochastic inverse dynamics:

dz = fo(z, x1)dt + gg(z, x1)dw,

is a ratio of odd integers} is called the high order of system, w is
an r-dimensional standard Wiener process defined on a complete
probability space (§2, F, P) with £2 being a sample space, # being
a filtration, and P being a probability measure. fy : R™ x R — R™,
8 R"XR— R*™ fi:R" xR xR — Randg; : R" xRi xR —
R" are assumed to be locally Lipschitz with f;(0,0,0) = 0 and
g(0,0,0)=0,i=1,...,n

* This work is supported by the National Natural Science Foundation of China
(61403041, 61333012, and 61304102), the Liaoning Provincial Natural Science
Foundation of China (2013020002), the Key Laboratory of Integrated Automation
for the Process Industry, Northeast University. The material in this paper was
not presented at any conference. This paper was recommended for publication
in revised form by Associate Editor Changyun Wen under the direction of Editor
Miroslav Krstic.

E-mail addresses: smithll@163.com (L. Liu), shen.yin2011@gmail.com (S. Yin),
huijungao@gmail.com (H. Gao), fuad_alsaadi@yahoo.com (F. Alsaadi),
pensy_t@yahoo.com (T. Hayat).

http://dx.doi.org/10.1016/j.automatica.2014.10.094
0005-1098/© 2014 Elsevier Ltd. All rights reserved.

For system (1), when p; = 1, the controller design problem has
been studied by Liu and Zhang (2006), Pan, Liu, and Shi (2001),
Wu, Xie, and Zhang (2006), Wu, Xie, and Zhang (2007), et al.
But the above-mentioned controllers are only robust against the
inverse dynamics with stringent stability margin. To weaken this
condition, Tang and Basar (2001) firstly introduced the concept
of stochastic input-to-state stability. Then, Liu, Zhang, and Jiang
(2007) gave a sufficient condition on stochastic input-to-state

Please cite this article in press as: Liu, L., et al., Adaptive partial-state feedback control for stochastic high-order nonlinear systems with stochastic input-to-state stable
inverse dynamics. Automatica (2014), http://dx.doi.org/10.1016/j.automatica.2014.10.094



http://dx.doi.org/10.1016/j.automatica.2014.10.094
http://www.elsevier.com/locate/automatica
http://www.elsevier.com/locate/automatica
mailto:smithll@163.com
mailto:shen.yin2011@gmail.com
mailto:huijungao@gmail.com
mailto:fuad_alsaadi@yahoo.com
mailto:pensy_t@yahoo.com
http://dx.doi.org/10.1016/j.automatica.2014.10.094

2 L. Liu et al. / Automatica I (RNEN) IRE-ENN

stable (SISS) by using the Lyapunov function. Liu, Zhang, and Jiang
(2008) considered the cascaded stochastic nonlinear systems with
SISS inverse dynamics.

Inspired by the deterministic results (Lin, 2013; Qian, 2001) and
the related papers, system (1) has been widely studied in recent
years. When p; > 1, some intrinsic features of system (1), such as
its Jacobian linearization is neither controllable nor feedback lin-
earizable, lead to the existing design tools being hardly applicable
to this kind of systems. For z = 0, Liu and Duan (2010), Xie and Li
(2009), Xie and Tian (2009) solved respectively the state-feedback
and output-feedback stabilization problems for such systems with
different structures. For the case of z # 0, Xie and Tian (2007) ad-
dressed the full-state feedback stabilization of system (1), but the
designed controller is robust against the stochastic inverse dynam-
ics. Furthermore, Liu and Xie (2012) and Xie, Duan, and Yu (2011)
studied the state-feedback control for system (1) with SISS and Si-
ISS inverse dynamics. However, all of them are not considered the
adaptive stabilization problem of system (1).

The purpose of this paper is to design the following adaptive
partial-state feedback controller for system (1)

u(0, ®) =0,
¥(0,60) =0,

u=u®,0),
6=y 0),

such that the equilibrium (z, x, ®) = (0, 0, 0) of the closed-loop
system is globally stable in probability and all states can be reg-
ulated to the origin almost surely, where ® and & are defined in
Section 3. And the contributions of this paper are characterized by
the following novel features:

(1) System (1) is more general than some existing systems, such
as Deng and Krsti¢ (1997), Deng et al. (2001) in whichz = 0
and p; = 1; Liuand Duan (2010), Xie and Li (2009), Xie and Tian
(2009) in which z = 0 and p; > 1; Liu and Zhang (2008), Liu
et al. (2007), Liu et al. (2008), Liu and Zhang (2006), Pan et al.
(2001), Wu et al. (2006), Wu et al. (2007) in which z # 0 and

pi = 1; Liu and Xie (2012), Xie and Tian (2007) in whichz # 0

and p; > 1.

By generalizing the adding a power integrator technique into

stochastic case, using the idea of changing supply function and

parameter separation technique, constructing an appropriate

Lyapunov function, a smooth adaptive partial-state feedback

controller is designed to ensure that the equilibrium at the ori-

gin of the closed-loop system is globally stable in probability.

(3) The appearance of stochastic inverse dynamics, high-order,
unknown parameter, nonlinear assumption and Hessian term
will unavoidably produce too many nonlinear terms, how to
deal with them is not an easy job.

(4) By skillfully choosing an appropriate adaptive parameter, the
over-parameterization phenomenon which often encounter in
the backstepping design is avoided. It should be emphasized
that how to choose the adaptive parameter is not a simple
work.

—
N
—

This paper is organized as follows. Section 2 provides some prelim-
inary results and system assumption conditions. Adaptive partial-
state feedback controller design and stability analysis are given in
Section 3, following a simulation example in Section 4. Section 5
concludes this paper.

2. Preliminary results and assumption conditions

2.1. Preliminary results

The following notations, definitions and lemmas are to be used
throughout the paper.

R, denotes the set of all nonnegative real numbers and R"
denotes the real n-dimensional space. For a given vector or matrix
X, XT denotes its transpose, Tr{X} is its trace when X is square,

|X| denotes the Euclidean norm of a vector X, [|X| = (Tr{XTX})%
is the norm of a matrix X. ' denotes the set of all functions
with continuous ith partial derivatives. X denotes the set of all
functions: Ry — R, which are continuous, strictly increasing and
vanishing at zero; K, denotes the set of all functions which are of
class X and unbounded.

Consider the following stochastic nonlinear system

dx = f(x,0)dt + g7 (x,0)dw,  x(0) =x, € R", (2)
where x € R" is the system state, & € R' is an unknown constant
vector, w is an r-dimensional standard Wiener process defined on
the complete probability space (§2, ¥, P). The Borel measurable
functionsf : R" x R* — R"and g : R" x R* — R"™*" are locally
Lipschitz in x with f(0,0) = 0,g(0,6) = 0.

Definition 1 (Krstic & Deng, 1998). For any given V(x) e C?,
associated with system (2), the differential operator £ is defined
as

v 1 2V
LY = —f(x,0)+ -Trig(x,0)——=g& *,0)¢. (3)
0x 2 0x2

Definition 2 (Krstic & Deng, 1998). The equilibrium x(t) = 0 of
system (2) is globally stable in probability if for Ve > 0, there exists
a class X function y (-) such that P {|x(t)| < y (|xo])} > 1 — ¢ for
anyt > 0andxp € R"\ {0}.

Lemma 1 (Krstic & Deng, 1998). Consider the stochastic system (2),
if there exist a G2 function V(x), class Ko functions B1(-), B2(-),
constants ¢; > 0, c; > 0, and a nonnegative function W (x) such
that

Bi(lx]) = V(x) < Ba(Ix]),
then
(1) There exists an almost surely unique solution on [0, co) for system

(2);

(2) When ¢, = 0 and W (x) is continuous, then the equilibrium x =
0 is globally stable in probability and P {lim;_, o, W (x(t)) = 0}
=1

LV(X) < —ciW(X) + ¢,

Lemma 2 (Liu & Xie, 2012). Let xy,.
numbers, then

(X1 + 4 x2)P < max{n’ !, 1] + - 4 xD).

.., Xn, p be positive real

Lemma 3 (Liu & Duan, 2010). Let c, d be positive constants. For any

. _ - d -_¢
positive number y, |x|°|y|! < S5y |x|M 4+ S5y dly|

Lemma 4 (Liu & Duan, 2010). Let p € R* and x, y be real-valued
functions. For a constant ¢ > 0, one has
XP —yP < plx =yl +yP7)
< clx=yllx =y +yP70.
Lemma 5 (Lin & Qian, 2002). For any vector-valued continuous func-

tion h(x, y), wherex € R™,y € R™, there are smooth scalar functions
a(x) > 1and b(y) > 1, such that

lh(x, )| < a®)b(y).

2.2. Assumption conditions

To achieve the objective of this paper, we need the following
assumptions on system (1).
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