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In this paper, analytical expressions for a highly accurate computation of Carson formulas are developed. Highly
accurate analytical expressions for per-unit-length (pul) self and mutual impedance corrections are now reduced
to two linear combinations of 50 functions. Coefficients of these linear combinations are computed using ex-
ponential approximation of integrals’ kernel function. Proposed algorithm has simplified computation in com-
parison with other highly accurate numerical algorithms. Results computed by proposed algorithm and by two
approximation methods are compared with 7-digit accurate results computed by piecewise quadratic approx-

imation for large frequency range.

1. Introduction

Computation of per-unit-length (pul) self and mutual impedance of
power line conductors is a long-standing problem. Formulas for com-
putation of pul self and mutual impedances of infinitely long parallel
conductors were proposed by Carson [1] and they contain complex-
valued integrals with infinite upper limits [1,2], which can be trans-
formed into real-valued integrals [3,4]. These integrals can be com-
puted using various approximation methods, e.g. Carson infinite series
[1], single-term approximation of infinite Carson series [1], Gar-
y-Dubanton formulas [2,5-7], Alvarado-Betancourt formulas [8], etc.
Overall overview of the proposed methods along with a few improve-
ments are given in Ref. [9], and also in Ref. [10], where displacement
currents were considered. Recent studies have also discussed the de-
velopment of more accurate expressions valid at high frequencies [11].

This paper presents a unified and efficient computation procedure
based on the successful numerical approximation of integrals’ kernel
function which appears in Carson formulas. Carson formulas can be
considered as low frequency approximation of Sunde formula since they
neglect the displacement currents [10,12]. They consider homogeneous
soil and only then the kernel function is identical in all cases. Most
importantly, it is also independent of soil characteristics and frequency,
in comparison to Sunde formula [12]. Kernel function of Sunde for-
mula, as well as similar formulas developed for multi-layered earth
[13,14], contain frequency and soil characteristics and thus they are not
appropriate formulas for unified approximation algorithm. On the other
hand, numerical algorithms proposed in Refs. [3,4] can be successfully
implemented in case of multi-layered earth.
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Using the proposed exponential algorithm, kernel function is ap-
proximated by a linear combination of small number of real exponential
functions. The approximated kernel function is then multiplied by the
rest of the integrands and then analytically integrated. The efficiency of
the proposed numerical algorithm is shown in the numerical examples
where results obtained by proposed algorithm at a large frequency
range are compared with 7-digit accurate results obtained by numerical
algorithm explained in Ref. [4]. Two approximate methods: single-term
approximation method proposed by Carson [1] and Gary-Dubanton
formulas [2,5-7] are also presented and compared with the same 7-
digit accurate results at a large frequency range.

2. The Carson formulas

The formulas for computation of pul self and mutual impedances of
conductors are presented by Carson [1]. In these formulas displacement
currents are neglected. In Fig. 1, two cylindrical infinitely long parallel
conductors placed in the air along with their images obtained by the
image method are presented.

The Carson formulas can be divided into two parts [3,4]:

ZL= 7% + 2 M
Z} = 2% + Zp @
where Z;P* and Z,?*¢ are pul self and mutual impedances of perfectly

conducting ground, whereas Z,°" and Z,;* are pul self and mutual

impedance corrections. Pul self and mutual impedances of perfectly
conducting ground are described by following expressions:


http://www.sciencedirect.com/science/journal/03787796
https://www.elsevier.com/locate/epsr
https://doi.org/10.1016/j.epsr.2018.05.008
https://doi.org/10.1016/j.epsr.2018.05.008
mailto:ikrolo@fesb.hr
https://doi.org/10.1016/j.epsr.2018.05.008
http://crossmark.crossref.org/dialog/?doi=10.1016/j.epsr.2018.05.008&domain=pdf

L Krolo et al.

aI/\'

»
»

<
<

Fig. 1. Two cylindrical conductors in the air, their images and all relevant
distances between them.
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where Z} is the pul internal impedance of conductor, h; is the ith con-
ductor height, Dy is the distance between ith conductor and the kth
conductor image, dy is the distance between ith and kth conductor, r; is
the ith conductor radius, w is the angular frequency and p, is magnetic
permeability of vacuum. Distances Dy and dy are defined by:

Dy = yag + (h; + hy)? 5)
di = \ai + (b — hy)? 6)

where hy is the kth conductor height and ay is the horizontal distance
between ith and kth conductors. Highly accurate computation of pul
internal impedance of single-layer and two-layer cylindrical conductors
using scaled modified Bessel functions are described in Refs. [15,16].

Formulas for pul self and mutual impedance corrections can be
written as [1,3,4]:
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where:
Py = 2-hyy )
P = (hi + )y (10)
q = iy 11

Complex wave propagation constant 7 and its magnitude vy are de-
scribed by:

_ . o
7=La+p; y=\/7°
P

NG
where p is soil resistivity. Egs. (7) and (8) contain the same kernel
function of the integrals which leads to universal computation algo-
rithm because these expressions exclude soil characteristics and fre-
quency.
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Fig. 2. Real part of the kernel function.

3. Exponential approximation of the kernel function

The kernel function of integrals (7) and (8) can be divided into real
and imaginary parts [3,4]:

F=J2+j-A=f +jf

It is necessary to point out that only solution of square root of
complex function in the first quadrant is considered [17]. Functions f,
and f; are shown in Figs. 2 and 3, and they are described by:

1 1
s f
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where:
g=Jl+ VA +1 (15)

For achieving high accuracy, based on many numerical experi-
ments, semi-infinite integration interval of function f, is divided into
two subintervals, where division point is A = 20. Function f; and both
subintervals of function f, are approximated by a linear combination of
exponential base functions [18-22]. These approximations are de-
scribed by the following equations:

20
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where a,, f3, and c, are unknown coefficients, whereas 7,, £, and z, are
chosen parameters. Highly accurate approximation in all cases is
achieved only if the kernel function is the same in all cases. Values of
parameters 7, &, and z,, are chosen on the basis of numerous numerical
tests. These parameters are described by:

B, = 005145 n=1,2, ..,20 (19)
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Fig. 3. Imaginary part of the kernel function.
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