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a b s t r a c t

In this paper, the design approach of non-synchronized diagnostic observer-based fault detection (FD)
systems is investigated for piecewise affine processes via continuous piecewise Lyapunov functions.
Considering that the dynamics of piecewise affine systems in different regions can be considerably
different, the weighting matrices are used to weight the residual of each region, so as to optimize the
fault detectability. A numerical example and a case study on a ship propulsion system are presented in
the end to demonstrate the effectiveness of the proposed results.

& 2017 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Associated with the increasing reliability requirements from
industrial processes, intensive attention has been drawn to the
investigations on fault detection (FD) issues from both the re-
search and application communities [1–6]. Over the past decades,
observer-based FD approaches for linear time-invariant systems
have been well developed. Among the involved studies, diagnostic
observer-based FD schemes have been widely studied [6,7]. In
recent years, the studies for more complex processes have become
an important research subject in the control community [8–19].
This motivates the fault detection system design for complex in-
dustrial processes.

On another research frontier, the piecewise affine modelling
technique has been shown as an effective way to approximate
switched systems, hybrid systems, and general nonlinear systems
with arbitrary accuracy [20]. A wide range of nonlinear elements
in mechanical and electrical systems, such as relay action,

saturation, stiction and backlash, can be well described by piece-
wise affine approximation [21]. In addition, considerable amount
of practical control systems and chaotic circuits are embedded
with piecewise components [22,23]. In recent years, the analysis
and synthesis on the stabilization and filtering issues for piecewise
affine systems have attracted increasing attention [24]. It has been
shown that most of these approaches were developed via piece-
wise quadratic Lyapunov functions [25,26,22]. While most effort
has been dedicated to control and filtering issues, up to now,
limited research effort has been made on the FD issues for con-
tinuous piecewise affine systems.

In this paper, the optimization of diagnostic observer-based FD
approach for continuous-time piecewise affine processes is in-
vestigated. Considering that the measurable signal is generally
injected with noise or disturbances, the non-synchronized FD
systems are studied based on continuous piecewise Lyapunov
functions, which is applicable to the case that the process and the
residual generator are not operating in the same region. The es-
sential idea behind the optimization of the FD performance con-
sists in weighting the residual signal of each region with different
weighting matrices.

The rest of this paper is organized as follows. In Section 2, the
preliminaries are given. The non-synchronized diagnostic observer-
based FD approach is addressed in Section 3. In Section 4, a nu-
merical example and a case study on a ship propulsion system are
used to demonstrate the effectiveness of the proposed approach. It
is followed by the conclusions and future works in Section 5.
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Notations. The notations of this paper are fairly standard. ⋆
indicates the symmetric elements of a symmetric matrix. { }NSym
represents +N NT . ⊥N represents the right null space of N . ∥ ( )∥d t
denotes the Euclidean norm of the vector ( )d t . ∥ ∥ =d 2

( )∫ ∥ ( )∥
=

∞
d t

t 0
2

1/2
represents 2-norm of ( )d t .∥ ∥ =τd 2 ( )∫ ∥ ( )∥

τ

=
d t

t 0
2

1/2

denotes  ⎡⎣ ⎤⎦τ2, 0, -norm of ( )d t .

2. Preliminaries and problem statement

Consider the following continuous-time piecewise affine sys-
tem

⎪

⎪⎧⎨
⎩ Ω ν

̇( ) = ( ) + + ( ) + ( )
( ) = ( ) + ( ) ( ) ∈ ∈ { … } ( )

x t A x t a B u t D d t

y t Cx t Gd t x t i, , 1, 2, , 1

i i i i

i

where   ( ) ∈ ( ) ∈ ( ) ∈x t u t y t, ,k k kx u y represent the state, input
and output of the system, respectively; ( ) ∈d t kd denotes the
disturbance; ν represents the number of the regions for the pie-
cewise affine system;  ν= { … }1, 2, , denotes the set of different
regions;  Ω ∈ ∈i,i

kx indicates the partition of the state space
into a number of not necessarily polyhedral regions;

∈A B C D G i, , , , ,i i i denote the system matrices; ∈a i,i denotes
the additional offset.

It is important to mention that for the region that includes the
origin, one has that =a 0i . As a result, the regions  can be further
divided into two classes   = ⋃0 1, where 1 denotes the set of
the region indices that do not contain the origin, and 0 denotes
the set of region indices that contain the origin. In other words, for
all ∈ ≠i a, 0i1 .

It is noted that the piecewise affine system is divided into a set
of regions based on the state space, which is generally not fully
measurable. To deal with this issue, the estimation of the state ^( )x t
is used instead for determining the region of the residual gen-
erator. As a result, the diagnostic observer and the plant might not
be working in the same region, in particular for the initial stage of
the process. Suppose that the dynamics of the process and the
dynamics of the residual generator are in different regions as

Ω Ω( ) ∈ ^( ) ∈ ∈ ( )x t x t i j, , , 2i j

then the non-synchronized residual generator can be governed by


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j j j j j

j
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where ∈S M N L K j, , , , ,j j j j j represent the gain matrices of the
diagnostic observer; ∈W j,j denote the weighting matrices; ( )z t

indicates the auxiliary state of the diagnostic observer; ^( )y t in-
dicates the estimation of ( ) ( )y t r t; represents the residual.

Remark 1. It is noteworthy the weighting matrices Wi in (3) can
be considered as the post-filter, which are used to improve the
fault detectability.

In general, an observer-based FD system consists of an observer-
based residual generator, a residual evaluator, a threshold setting
unit and a decision logic. In this paper, the residual evaluator ( )J r is
the 2-norm of ( )r t , that is, ( ) = ∥ ∥τJ r r 2

2. In the norm-based FD
context, the threshold Jth is generally set as the maximal value of

( )J r in the fault-free case. Then the following detection logic leads
to an effective observer-based FD approach

⎪

⎪⎧⎨
⎩

( ) > ⟹

( ) ≤ ⟹ ( )

J r J

J r J

faulty

fault-free. 4

th

th

The main objective of this paper is to develop a non-synchro-
nized diagnostic observer-based FD approach for continuous pie-
cewise affine processes (1) such that the residual is robustness
against unknown and known inputs. Meanwhile, the fault de-
tectability is improved by optimizing the design of the weighting
matrices Wi .

3. Fault detection system design

In this section, the non-synchronized FD design approach for
piecewise affine systems is addressed.

To deal with the non-synchronized FD system design, system
(1) is first recast as



̇( ) = ( ) + + ( ) + ( ) + ( − ) ( )
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By defining ( ) = ( ) − ^( )e t x t x t , we have
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which yields
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where
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