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a b s t r a c t

This paper proposes a combination of composite nonlinear feedback and integral sliding mode tech-
niques for fast and accurate chaos synchronization of uncertain chaotic systems with Lipschitz nonlinear
functions, time-varying delays and disturbances. The composite nonlinear feedback method allows ac-
curate following of the master chaotic system and the integral sliding mode control provides invariance
property which rejects the perturbations and preserves the stability of the closed-loop system. Based on
the Lyapunov- Krasovskii stability theory and linear matrix inequalities, a novel sufficient condition is
offered for the chaos synchronization of uncertain chaotic systems. This method not only guarantees the
robustness against perturbations and time-delays, but also eliminates reaching phase and avoids chat-
tering problem. Simulation results demonstrate that the suggested procedure leads to a great control
performance.

© 2018 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The nonlinear systems, which model our real world, can
demonstrate a variety of features containing chaos and hyper-chaos
[1,2]. A chaotic system is a nonlinear dynamic system which
sensitively depends on the initial conditions. In the last decades,
chaos theory has received much attention in the areas of semi-
conductor lasers, information security, process control, salt-water
oscillators, cryptography, data transmission, secure communica-
tion, power electronics, biological systems, chaotic finance system
and so on [3e5]. Chaos synchronization of different chaotic systems
has been one of themajor control approaches which are extensively
discussed for several years. The chief idea of synchronization be-
tween two chaotic systems is to design an appropriate control
technique to force the states of the slave system track those of the
master system. In the past years, various control techniques such as
adaptive control [6], active control [7], linear feedback method [8],
passive control [9], backstepping design [10], stochastic control
[11,12], optimal control [13], sliding mode control (SMC) [14],
impulsive method [15] and fuzzy logic control [16] have been
developed for chaos synchronization of the chaotic systems. Among
the stated methods, SMC has some special characteristics such as

robustness against parametric uncertainties, satisfactory transient
response, computational simplicity and less sensitivity to bounded
perturbations [17].

In Ref. [18], an active SMC procedure is suggested for synchro-
nization of two uncertain chaotic systems with parametric un-
certainties in linear and nonlinear parts of the system dynamics. In
Ref. [19], a robust fuzzy SMCmethod is planned for synchronization
of two chaotic nonlinear gyros with uncertainties and external
disturbances. In Ref. [20], an SMC synchronization control approach
based on RBF neural network is suggested for two chaotic systems
in the presence of nonlinear uncertainties and exterior distur-
bances. In Ref. [21], a chattering-free SMC technique with both
integral and differential operators is proposed for chaos control and
synchronization of uncertain nonlinear chaotic systems. A robust
adaptive SMC scheme is suggested in Ref. [22] to realize chaos
synchronization between two different chaotic systems in the
presence of parameter uncertainties, fully unknown parameters
and external disturbances. In Ref. [23], the problem of chaos syn-
chronization between uncertain chaotic systems with a diverse
structure is studied using a second-order SMC method. In Ref. [24],
a discrete-time SMC technique is proposed for uncertain master-
eslave chaotic synchronization systems. The above-mentioned
works have accelerated the progress to improve the procedure of
the chaos synchronization. Nevertheless, more researches on the
control methodologies need to be conducted to achieve better re-
sults and higher performance for the chaos synchronization of
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chaotic systems. To the best of our knowledge, no work has been
developed on the transient performance improvement for the
synchronization of the uncertain chaotic systems using the com-
bination of composite nonlinear feedback (CNF) and integral sliding
mode control (ISMC) methods, which is still open in the literature.
This motivates the current research.

The CNF method was primarily proposed by Lin et al. [25] for a
class of second-order systems with state-feedback. CNF has been
developed to improve the transient performance of the system by
presenting a nonlinear feedback law [26,27]. The CNF controller
consists of linear and nonlinear control laws without any switching
element [28e30]. The linear feedback law is designed to yield small
damping ratio which achieves quick response. The nonlinear
feedback law is designed to slowly change the damping ratio of the
system as the output of the response system approaches that of the
reference system so as to reduce the overshoot caused by the linear
controller [28]. It is clear from the structure of the CNF control law
that the obtained controller reduces to a linear controller when the
gains of the nonlinear part vanish [31]. On the other hand, for the
improvement of the robustness performance, the ISMC approach
has been developed [32,33]. In the ISMC method, by adding an
integral term to the conventional sliding surface, the reaching
phase of SMC is eliminated and the trajectories of the system start
moving on the proposed surface right from any initial conditions
[34,35]. Actually, the idea of ISMC focuses on the system robustness
in the entire state space rather than only in the sliding phase [36].
The order of the motion equation in ISMC method is equal to the
dimension of the state space. Therefore, the robustness perfor-
mance can be guaranteed through the entire response of the sys-
tem. Due to its capability, ISMC has received a lot of consideration
and it has also been proposed for matched and unmatched uncer-
tain systems [37].

In comparison with the former studies, any investigation has
been proposed the combination of composite nonlinear feedback
control design and integral sliding mode control for the transient
performance improvement and fast and accurate chaos synchro-
nization of uncertain chaotic systems with Lipschitz nonlinear
functions, time-varying delays and parametric disturbances. In this
paper, we consider the chaos synchronization problem for a class of
uncertain chaotic systems with multiple time-varying delays, Lip-
schitz nonlinearities, parametric uncertainties and disturbances.
We recommend the theory of the combination of CNF and ISMC
techniques for asymptotic chaos synchronization, improvement of
the synchronization performance and guaranteeing the invariance
property in perturbation rejection. Moreover, using the Barbalat
lemma and LyapunoveKrasovskii stabilization theory, the asymp-
totic stability conditions are derived in the form of linear matrix
inequalities (LMIs). The main contributions of this paper are listed
as follows:

- Combination of CNF scheme and ISMC for robustness against
perturbations, transient performance improvement and accu-
rate chaos synchronization.

- Satisfaction of the asymptotic stability conditions in the form of
LMIs via Barbalat lemma and LyapunoveKrasovskii theory.

The rest of the paper is organized as follows. Section 2 provides
the mathematical model of the chaotic systems and some pre-
liminaries. In Section 3, the theory of the combination of CNF and
ISMC methods for the chaos synchronization is proposed and the
asymptotic synchronization conditions are analyzed based on
Lyapunov-Krasovskii stability theory. The simulation results of the
Chua's chaotic system are shown in Section 4 and the conclusion is
drawn in Section 5.

2. Problem description and preliminaries

Consider a class of chaotic systems as follows:

_x ¼ A1xþ A2f ðxÞ;
y ¼ Cx;

(1)

where x2Rn is the state vector, y2R is the output variable, and f ðxÞ
is the nonlinear function which satisfies the Lipschitz condition.
The matrices A1, A2 and C denote known constant matrices.
Consider the following form of the master chaotic system:

_xm ¼ A1m
xm þ A2m

f ðxmÞ;
ym ¼ Cmxm;

(2)

where xm2Rn and ym2R are the state and output of the master
system. The matrices A1m

, A2m
and Cm are constant matrices. The

slave chaotic system is assumed as follows:

_xs ¼
�
A1s

þ DA1s
ðrÞ�xs þXN

i¼1

Adi
xsðt � tiÞ

þ A2s
f ðxsÞ þ ðBþ DBðsÞÞuþWðqÞ;

ys ¼ Csxs;

(3)

where xs2Rn, u2Rn and ys2R denote the states, control input and
output of the slave system, respectively. The matrices A1s

, A2s
, Adi

and Cs signify some constant matrices with appropriate di-
mensions. The terms DA1s

ð$Þ and DBð$Þ specify uncertainties of the
system, and the vector function WðqÞ2Rn is the external distur-
bance. The uncertain parameters ðr; s; qÞ2א are Lebesgue measur-
able, where א is the compact bounding set.

Assumption 1. The state variable xm with kxmk � k is the bounded
state of the master system, where k is a positive constant. There
exist two matrices G and H with suitable dimensions sustaining
[38]:

"
A1s

B

Cs 0

#"
G

H

#
¼
"
GA1m

Cm

#
;

A2s
¼ GA2m

:

(4)

Assumption 2. [39]: The continuous nonlinear function f ðxÞ ful-
fills the Lipschitz condition for all x2Rn and y2Rn, that is:

kf ðxÞ � f ðyÞk � §kx� yk; (5)

where § is the Lipschitz constant. The inequality (5) can be illus-
trated as:

ðf ðxÞ � f ðyÞÞT ðf ðxÞ � f ðyÞÞ � §2ðx� yÞTðx� yÞ: (6)

Assumption 3. The time-delay matrix Adi
is matched, viz.:

Adi
¼ BNdi

; (7)

where Ndi
denotes the constant matrix with suitable dimension.

Assumption 4. There exist continuous bounded perturbation
functions as Nsð$Þ, Mð$Þ and Lð$Þ with suitable dimensions so that
[38]:
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