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a b s t r a c t

A new approach is proposed to improve a graphical approach with considering intensity
coupling loss coefficients in the analytical derivation of the optical transfer functions for
a symmetric double stage vertically coupled microring resonator. An optimum transmis-
sion coupling condition is determined with considering terms of couplers intensity loss
which leads to low insertion loss of 1.2 dB, finesse of 1525, the out of band rejection ratio
of 61.8 dB. The resonating system is used as an optical force sensing system to make the
benefit of the accuracy of measurements in micro and nano scales. The sensitivity of pro-
posed force sensor in terms of wavelength-shift is 33 nm/nN and the limit of detection is
1.6 � 10�2 nN. The proposed sensing system has the advantages of self-calibration and
the low power consumption due to the low intensity.

� 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

The optical evanescent field sensors have received great
interest due to their potential for enhancement of sensitiv-

ity, low cost, ultra-compact features [1]. Optical sensors
such as surface plasmon resonance sensors [2], Mach–
Zehnder interferometer devices [3], and optical grating
couplers [4] operate based on the variation in the wave-
guide effective index. For a ring-based Vernier sensor,
small perturbation in waveguide length causes a signifi-
cant wavelength shift which results in a shift of resonant
peaks and provides a ultra-high sensitivity for sensing
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applications [5,6]. Several analytical methods of signal pro-
cessing, such as the transfer-matrix–chain-matrix alge-
braic method [7,8], the scattering matrix method [9] and
the signal flow graph (SFG) method [10,11] have been
developed for determining optical transfer functions of
optical systems.

In this manuscript, the optical transfer function (OTF)
with considering the intensity insertion loss of couplers
is derived for a resonating system using the Mason’s rule
[12] with signal flow graph (SFG) method [13] in the Z-
domain. The Vernier effect [14,15] is used for symmetric
double stage vertically coupled microring resonator which
is employed as a nano force sensor. In practice, the pro-
posed system is worked by means of the change of a ring
radius due to a load cell or other physical parameters, in
which the sensing and reference signals are analyzed, sim-
ulated and compared. Based on the signal’s wavelength
shift, a high sensitive force measurement with the resolu-
tion of nano Newton is achieved. Our proposed sensor has
the advantages of low cost, self-calibration, the low power
consumption due to the low intensity, and can be
employed for wide range of force sensing.

2. Effect of coupler loss on OTF

A resonating layout including double stage silicon-on-
insulator ring resonator (DRR) with 2 � 2 optical couplers
which are vertically coupled together is shown in Fig. 1a.
The signal flow graph (SFG) diagram of 2 � 2 optical direc-
tional couplers is displayed in Fig. 1b. By taking into
account the insertion loss c and the coupling factor ki of
the ith coupler (i = 1, 2, 3 for each coupler), the fraction
of light pass through the throughput path is expressed as
Ci ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ciÞð1� kiÞ

p
and in contrast, the fraction of light

pass through the cross path is expressed as
Si ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ciÞki

p
[11,16]. The Z-transform parameter or unit

delay in Z-domain is defined as Z�1 ¼ expð�j2pneff L=kÞ

where neff is the effective refractive index of the wave-
guide, k is the signal center wavelength and the perimeter
of the ring is L = 2pR, here R represents the radius of the
ring resonator. One roundtrip losses coefficient shown by
Xi = exp (�aLi/2) where a shows the average ring loss per
unit length. Based on the Mason’s rule the optical transfer
function, H, for an optical device with the input photonics
node Ei(z) and the output photonics node En(z) is

H ¼ EnðzÞ
EiðzÞ

¼ 1
D

Xn

j¼1

TjDj ð1Þ

where Tj shows the gain of the ith forward path from the
input to output port and n is the overall number of onward
paths from input to output photonics nodes. The symbol Dj

considers all of the loops that remain untouched while a
signal transverses via each Tj forward path from input to
output photonics nodes. The signal flow graph determinant
is displayed by D, which is given by [17].

D ¼ 1�
X
i¼1

Li þ
X
i–j

LiLi �
X

i–j–k

LiLjLk þ � � � ð2Þ

here Li is the transmittance gain of the ith loop. The SFG for
our proposed system is illustrated in Fig. 1b, in which the
input node is E1 = Ein and E12 = Edrop are considered as the
drop node. The Free Spectral Range (FSR) of the device is
determined by FSR = c/ng, L where ng ¼ neff þ f 0ðdneff =df Þf 0

is the group refractive index of the ring, neff is the effective
refractive index, and f0 is the design (center) frequency
[5,18]. The FSR of the double stage vertically coupled ring
resonator with different radii can be determined by
[19,20].

FSRtot ¼ N1 � FSR1 ¼ N2 � FSR2 ð3Þ

where N1 and N2 are integer resonant mode num-
bers(RMNs) of each rings which can be determined by
the ratio of FSRtot rather than the FSR of each rings (FSRi).
For a choice of equal ring radii, the N1 and N2 should have

Fig. 1. Microring resonator configuration for micro force sensing. (a) Waveguide layout and (b) Z-transform diagram SFG.
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