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a b s t r a c t

Integrating sampled time signals is a common task in signal processing. In this paper we
investigate the performance of two straightforward integration methods: (i) integration
in the frequency domain by a discrete Fourier transform (DFT), division by jx followed
by inverse DFT (IDFT) back to the time domain, and (ii) a method using a weighted over-
lap-add (WOLA) technique which is developed in the paper. These two methods are com-
pared with two time domain methods: (a) the trapezoidal rule, and (b) an optimized IIR
filter. It is shown that the intuitive method of a straightforward DFT/IDFT is a very good
method which is recommended for data lengths exceeding 16 K samples, provided data
are short enough to allow a single DFT. The IIR filter integration is shown to have very sim-
ilar accuracy and can also be recommended. The WOLA integration method is shown to
perform well in most cases for steady-state conditions. For cases with short transients it
should, however, be avoided. A signal integrated by the WOLA method is further shown
to be incoherent with the signal before integration. This suggests that the WOLA method
should be avoided in cases where coherence between the signals before and after integra-
tion is important. It is also demonstrated by a simulation example that integration by the
trapezoidal rule should be avoided, as it gives biased results, particularly for higher
frequencies.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Integrating a sampled time signal is a common task in
signal processing, for example in vibration engineering
applications. It is common in vibration engineering to con-
vert a measured acceleration signal into velocity or dis-
placement. This may be important when time data from
sensors producing different output units are analyzed, for
example combining accelerometers and laser Doppler vib-
rometers, or accelerometers and geophone sensors, or
when combining accelerometers with strain gauges whose
output is proportional to displacement. In mechanical

engineering, it is also common to integrate signals in vari-
ous analytical analysis methods, e.g. the restoring force
method [1].

Despite the frequent need of time domain integration,
not much has been published on best practices or best
methods to be used. Standard textbooks on signal process-
ing [2,3] do not discuss means to integrate signals opti-
mally, although some of the methods for designing
infinite impulse response (IIR) filters could be used, albeit
with quite some knowledge of signal processing. As shown
in a recent overview of methods [4], many methods com-
monly used because they are intuitive and/or thought to
be good, actually perform very badly compared to what
can be achieved with little extra effort using more sophis-
ticated, but less known, methods.
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In [4] it was demonstrated that the trapezoidal rule, a
common method for integration which is generally consid-
ered to be an accurate integration method, should be
avoided for integrating time signals. This is because the
integration error for this method is very large except for
low frequencies (relative to the sampling frequency). The
same was concluded in [5], where it was also shown that
the fourth-order Runge–Kutta method, and indeed all
methods of Newton–Cotes type [6], are inferior to signal
processing based methods for integration of measured
signals. It was particularly pointed out in [5], that the
Newton–Cotes methods are very prone to errors due to
disturbing noise for high-order integrators, because they
have sharp resonances in their amplitude characteristics.

Finite impulse response (FIR) filters are in general a bad
choice for integration, since a pole at zero cannot be real-
ized by such filters. If the integration operation can be
restricted to a limited frequency band, however, such fil-
ters have been successfully designed [7]. In [5], a method
for designing optimal IIR filters for integration of time sig-
nals was presented. The IIR filters can be designed with
integer sample time delays, so that the output (integrated)
signal is synchronized with the signal before integration, or
with other parallel channels of data. Filter parameters for
integration with a relative amplitude error of less than
�120 dB were presented in the paper.

Digital filters are good for real-time applications, and can
also be used in offline data analysis. There are some issues
with stability with the filters from [5], although these issues
can be addressed by highpass-filtering the signal prior to
integrating it. This, in any case, usually should be done with
measured vibration signals, to avoid the low-frequency
content of the signal dominating the integrated result [4].

The topic of integrating time signals is thus very
important, yet very little research has been presented on
the performance of different integration methods and no
recommendations on best practices have been found by
the present authors. Indeed, inferior methods are com-
monly recommended; a fact most likely due to the lack
of existing recommendations. In the present paper, two
methods for integrating time domain signals will therefore
be investigated and compared to previously presented
methods. First, the intuitive method of performing the
integration in the frequency domain using one long dis-
crete Fourier transform (DFT), followed by division by jx,
and an inverse DFT will be investigated. This method can
be used in post processing only. Second, a method based
on the short-time Fourier transform (STFT) and a win-
dowed overlap-add (WOLA) technique will be developed
and investigated. This method can be implemented for
real-time processing as well as for post processing.

2. Theory

2.1. Integration by a long DFT

An intuitive method for integrating a signal is by com-
puting its DFT (computed, of course, by the fast Fourier
transform FFT), then multiplying the DFT by the frequency
response function (FRF) Hðf Þ ¼ 1=jx, and obtaining the

time response of the integrated signal by computing the
inverse Fourier transform of that product. This method
requires that the signal is short enough so that a DFT
(FFT) of the entire signal is possible without reaching
memory limitations. With the increasing memory capacity
of modern computers, this is rarely a limitation in, for
example, (offline) vibration analysis tasks.

It should be noted, that in order to avoid aliasing caused
by the cyclic convolution property of the inverse DFT in
such a procedure, the time signal should be zero padded
prior to computing its DFT (see, e.g. [4]). If we assume a
sampled input signal xðnÞ; n ¼ 0;1; . . . ; L� 1, sampled by
the sampling frequency f s, we compute the 2L size DFT

XðkÞ ¼
X2L�1

n¼0

xzðnÞe�j2pkn=ð2LÞ; k ¼ 0;1; . . . ; L� 1 ð1Þ

where xzðnÞ is the zero padded time signal with L values
xðnÞ followed by L zeros. Note that we only compute the
positive frequencies in Eq. (1). We then compute the
integration operator (frequency response) by

HiðkÞ ¼
1=jxk; k ¼ 1; . . . ; L

0; k ¼ 0

�
ð2Þ

since we cannot divide by zero at DC. The frequencies in
Eq. (2) are the DFT frequencies xk ¼ 2pkfs=ð2LÞ. We now
compute the product YðkÞ ¼ XðkÞHðkÞ which corresponds
to integration in the frequency domain. Before we can
compute the inverse transform, the spectrum YðkÞ should
be extended with even real part and odd imaginary part
for the negative frequencies, by defining

YðLþ kÞ ¼ Y�ðL� kÞ; k ¼ 1;2; . . . ; L� 1 ð3Þ

where � represents complex conjugate. Finally, the integral
yðnÞ of the signal xðnÞ is computed by the inverse DFT

yðnÞ ¼ 1
2L

X2L�1

k¼0

YðkÞej2pnk=ð2LÞ; n ¼ 0;1; . . . ; L� 1 ð4Þ

which is the first half of the entire DFT, since the remaining
values will be zero due to the zero padding.

It should be noted that the long DFT in Eq. (1) can be
implemented so that it does not require the same memory
as a full 2L-sized DFT, because the multiplications by zero
do not need to be performed. In MATLAB, for example, this
is implemented in the FFT command, by a parameter spec-
ifying the FFT length, without actually padding zeros to the
signal xðnÞ. In addition, it should be noted that it is good
practice to remove the mean of the signal xðnÞ prior to inte-
gration, and also to detrend (i.e. removing the mean and
slope of) the output signal yðnÞ in Eq. (4) to correct for
errors that can occur due to leakage in the DFT/IDFT
process.

We can thus outline the method of integration by direct
DFT (FFT) by the following steps.

1. Remove the mean of the signal to be integrated,
xðnÞ; n ¼ 0;1; . . . L� 1.

2. Compute the first Lþ 1 values of the FFT of xðnÞ using
zero padding as in Eq. (1).
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