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A B S T R A C T

Equilibrium points exploration is crucial for successful nonprehensile manipulation of multi-link objects by
cooperative arms which is promising for a class of future robotics applications. This paper presents the equili-
brium area numerical analysis, with experimental verification, for nonprehensile manipulation of a three-rigid
link object by two cooperative arms in a plane. Inspired by an assistive nursing robot project for manipulating a
patient, the interaction between the object and the arms is performed in a way that one of the arms contacts two
links of the object while the other arm contacts the object third link. It would be a useful step for the most
complicated process of a patient manipulation. The purpose of the equilibrium area analysis is to obtain the
equilibrium contact area, associated with different interaction forces, for statically holding the object at all its
possible configurations. The dynamic model of the system is presented from which the static equations are
deduced. Static equations are analyzed in the presence of friction forces and motion constraints leading to
equilibrium contact lengths for a range of angles leading to equilibrium area for every object's configuration.
Numerical simulation results for the equilibrium area analysis are presented. Experimental results, for validating
the presented numerical results, are also introduced.

1. Introduction

Nonprehensile whole-arm manipulation is the manipulation
without form- or force-closure [1]. It utilizes manipulators with simple
design to deliver more DOFs to the manipulated object. It is an alter-
native technique for manipulating heavy and/or large objects, where all
available contact surfaces of the manipulator are utilized. The manip-
ulation problem becomes more complicated concerning articulated
objects. In this case, cooperative manipulation using multi-manip-
ulators is proposed to perform the object manipulation [2]. This work
presents the equilibrium analysis for nonprehensile manipulation of a
three-rigid link object by two cooperative arms in a plane which is a
remarkable key for multi-link object manipulation planning and/or
control.

There is much research work in the literature dealing with the
nonprehensile manipulation of one-link object using either one

manipulator [3–6], or more than one manipulator [7,8]. The problem
of nonprehensile manipulation of a multi-link object using multi-ma-
nipulators is still a promising challenge for research. An elementary
study for the basic task requirements and its difficulties is given in [2].
More mature studies for the modeling and the design of model-based
and fuzzy controllers of a two-rigid link object manipulated by two
arms is presented in [9–12].

1.1. About the paper

In this work, nonprehensile planar manipulation of a three-rigid link
object using two cooperative arms is proposed. This underactuated
system is not studied before. The main goal is to perform an equilibrium
analysis; obtaining the equilibrium contact points, associated with ap-
propriate interaction forces, required for statically holding the object
for all its possible configurations in the presence of the friction. This
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permits placement of the arms in contact with the object at any point in
a region of equilibrium and at the same time providing the required
interaction forces for statically holding the object. The interaction be-
tween the object and arms is performed in a way that one of the arms
contacts two links of the object while the other arm contacts the object
third link. This configuration is inspired by a patient lift using a two-
arms humanoid robot [13], see Fig. 1. It would be a useful step for the
most complicated process of safe patient manipulation. A previous work
of the authors has been done to obtain the equilibrium points in the
frictionless case as well as designing a model-based controller for
tracking the object state variables according to specified trajectories,
[27,28]. In addition, a preliminary work related to explore the fric-
tional effect on the equilibrium contact lengths has been discussed in
[29]. Here, the frictional effect on the equilibrium contact angles is
firstly introduced in addition to the work presented in [29], from which
the concept of the equilibrium contact area is produced and experi-
mentally verified.

1.2. Literature review

Equilibrium analysis is important for successful nonprehensile ma-
nipulation planning and control. The presented review is related to
previous work of the equilibrium analysis for different object/manip-
ulator arrangements either with or without considering the frictional
effect. For the problem of the two-link object in [10], the equilibrium
analysis of the object is analytically introduced for getting the equili-
brium contact points at all possible object configurations. A unique set
of equilibrium points, normal forces at contact locations, is clarified.
However, the effect of tangential forces in the presence of friction on
the equilibrium points has not been studied.

The effect of the friction at the contact on the equilibrium has been
discussed, either for one-link or articulated object and undergone either
nonprehensile or grasping manipulation. Regarding nonprehensile
manipulation, the frictional effect is considered for the equilibrium
analysis of one-link object manipulated by a flexible sheet in [14],
where the tension generated in the sheet is utilized to control the object
pose. The object position and orientation are controlled by manip-
ulating the sheet under no-slip condition; that is the tension in the sheet
is less than the static friction force for all contact points. Another work
is the planar manipulation of one-link object using multi-fingered robot
hand introduced in [15,16]. The manipulation is altered between
sliding and tumbling operations, which is undergone the non-sliding
condition. The tangential component of the interaction force compared
to the friction force is the key difference to alter between the two
processes. A hierarchical approach for planning sequences of

nonprehensile and prehensile actions to a rigid-object is given in [17].
The last step of the proposed hierarchical approach is to determine the
set of feasible contacts between the object and the manipulators ac-
cording to its pose at which the contact forces can stabilize the object
against gravity. This range of feasible contacts depends on the object
orientation and the coefficient of friction.

Regarding grasping manipulation, the frictional effect is also re-
markable whether the object is one-link or articulated one. For a rigid-
link object; three and four contacts are sufficient to immobilize 2D and
3D objects, respectively, because of the frictional effect [18]. Extended
studies for different object shapes have been done to meet these criteria
and provide precise grasps; such as ones done for 2D objects in [19,20],
and for 3D objects in [21,22]. However, precise placement of the
contacts exhibits some errors which led to the concept of independent
contact regions (ICRs) introduced in [23], where contacts could be
applied within certain regions while providing force-closure grasp re-
gardless of the exact contacts. Relevant work to this concept could be
found for example in [24].

Considering grasping manipulation of articulated objects, a relevant
work [25] presented a systematic procedure to find a set of frictionless
contact points that immobilizes a 2D serial chain with n polygons.
Another work, [26], proposed a procedure to compute ICRs on 2D ar-
ticulated objects considering frictional contacts. The obtained ICRs
guarantee the immobilization of all the object internal degrees of
freedom, and the spatial immobilization of the object.

In this paper, exploration of friction effect on the equilibrium points
of contact is numerically analyzed and experimentally verified, for
nonprehensile manipulation of a three-rigid link object by two co-
operative arms in a plane, see Fig. 1. This permits placement of the arms
in contact with the object at any point in a region of equilibrium and at
the same time providing the required interaction forces for statically
holding the object. The paper presents the concept of the equilibrium
contact area. It is a range of equilibrium contact lengths for a range of
angles leading to an equilibrium area for every object's configuration. It
is obtained under the assumption of non-sliding condition; that once the
tangential force exceeds the frictional force at one contact, sliding of the
object over the arms occurs. The dynamic model of the system is pre-
sented from which the static equations are deduced. A numerical pro-
cedure for obtaining the equilibrium contact angle range, and the
equilibrium contact lengths range from which the equilibrium contact
area is presented for all possible configurations. Experimental ver-
ification of the numerically obtained equilibrium contact area is then
introduced.

The paper is organized as follows: Section 2 presents the system
model. A numerical procedure for obtaining the equilibrium angle
range, the equilibrium length range, and the equilibrium area for all
possible object configurations is presented in Section 3. Section 4 in-
troduces and discusses the simulation results. A description of the ex-
perimental system, experimental procedure for verifying the numeri-
cally obtained equilibrium contact area, and experimental results are
introduced in Section 5. Conclusions and recommendation for future
work are presented in Section 6.

2. System model

2.1. Dynamic model

Fig. 1 illustrates the schematic diagram of the system. The object
consists of three-rigid links (link-1, link-2 and link-3) connected by two
passive joints: the knee and the hip joints. The angular positions of the
links are given by θ1, θ2, and θ3, respectively. The position of the knee
joint (x, y) is referred to the world coordinate frame Σ0.

The masses and moments of inertia of the links are denoted by m1

and J1, m2 and J2, and m3 and J3 for links-1, 2, and 3, respectively. The
distance from the knee joint to the center of gravities of links-1, and 2
are denoted by L1, and L2, respectively, and from the hip joint to the

Fig. 1. System schematic diagram.
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