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a b s t r a c t 

For metrology under optical microscopes, lens distortion is the dominant source of error. Previous distortion 

models and correction methods mostly rely on the assumption that parametric distortion models require a priori 

knowledge of the microscopes ’ lens systems. However, because of the numerous optical elements in a microscope, 

distortions can be hardly represented by a simple parametric model. In this paper, a generic distortion model 

considering both symmetric and asymmetric distortions is developed. Such a model is obtained by using radial 

basis functions (RBFs) to interpolate the radius and distortion values of symmetric distortions (image coordinates 

and distortion rays for asymmetric distortions). An accurate and easy to implement distortion correction method is 

presented. With the proposed approach, quantitative measurement with better accuracy can be achieved, such as 

in Digital Image Correlation for deformation measurement when used with an optical microscope. The proposed 

technique is verified by both synthetic and real data experiments. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Optical microscope has been a valuable tool to magnify images of 
small samples, in fields such as materials, chemistry, and biology. With 
a progressive reduction in length scale, there is an increasing interest 
in the quantitative measurements or metrology under an optical micro- 
scope such as Digital Image Correlation (DIC) for shape, deformation 
and strain measurement [1–5] . In practice, there are many factors affect- 
ing the precision of the measurement results such as the illumination, 
quality of the speckles, lens distortion, etc [3,4] . Among these factors, 
lens distortion is a major concern which causes non-uniform geometric 
distortion in recorded images and brings additional errors [1–3] . Al- 
though distortions can be irregular or follow some patterns, most com- 
monly encountered distortions are radially symmetric (including barrel 
distortion, pincushion distortion, etc), and asymmetric (such as tangen- 
tial distortion) [6] as shown in Fig. 1 . 

To overcome lens distortion problems, several lens distortion cor- 
rection approaches have been proposed at macro-scale (e.g. [7–13] ). 
In fact, among these distortions, radially symmetric distortion is the 
most significant in recent commercial imaging systems. Hartley and 
Kang [7] proposed a parametric-free radial distortion model with center 
of distortion estimation. Du et al. [8] proposed a method for automat- 
ically removing radial lens distortion from image feature point corre- 
spondences of two views projective invariants. A radial distortion cor- 
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rection method based on collinear points is presented in [9] . For com- 
plex distortion types, some unified distortion models have been pro- 
posed for panoramic [10] , catadioptric [11] , fisheye [12] , and head- 
worn display (HWD) [13] imaging system. However, the transfer of 
these distortion correction methods to the micro-scale presents new 

challenges, due to the differences in microscope ’s high-magnification 
optics and the limited depth of field [1,2] . To overcome these prob- 
lems, Schreier et al. [1] presented a two-step calibration procedure, to 
correct the distortion using a warping function. The method requires a 
speckled flat plate, that is displaced in two orthogonal directions over a 
series of steps on a moving stage. The method is of operational complex 
(i.e. requires a complex calibration procedure) and difficult to adopt for 
some applications. Another microscope distortion correction procedure 
incorporates a fine-pitched orthogonal cross-grating plate [2] . In this 
technique, a third-order polynomial warping function was constructed, 
to describe the distortion errors, and the coefficients were determined 
by comparing node locations of the standard cross-grating plate with 
those in acquired images. 

Existing distortion correction methods, such as the ones stated 
above [1–3] , mostly rely on parametric distortion model such as warp- 
ing functions and a priori knowledge of microscopes ’ distortion types. 
However, for an optical microscope, there is a group of lenses/prisms 
along the optical path, rather than a single lens. Every element con- 
tributes to errors in the imaging process. This may result in the mix- 
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ture of distortion types as shown in Fig. 1 (d). Therefore (due to its 
high non-linearity), it is a challenge to use a parametric model to repre- 
sent the distortion process well under an optical microscope and eval- 
uate the corrected results. At the same time, as discussed in former re- 
search [3] , the asymmetric distortions (such as tangential distortion) are 
much smaller compared with radial distortions. Hence, the asymmetric 
distortions are usually negligible for most of the commercial imaging 
systems and metrology applications [1–3] . However, such kind of sim- 
plification is less rigorous in theory, and in certain cases may introduce 
significant errors in high-precision metrology tasks. 

In this paper, a generic distortion model considering both symmet- 
ric and asymmetric distortions is proposed, to correct the lens distortion 
of an arbitrary optical microscope. Unlike previous parametric models 
that need prior knowledge of the distortion types and various calibra- 
tion target positions [1–3] , the proposed model only requires to cap- 
ture one calibration image without any prior knowledge of the distor- 
tion type. For radially symmetric distortions, the center of distortion 
and sample datasets (including the radius and distortion values) can 
be detected. Radial basis functions [14] are, then, used to interpolate 
radius 𝐫 ∈ ℝ 

1 and distortion values 𝐝 =  ( 𝐫) ∈ ℝ 

1 , to build the symmet- 
ric distortion model, thereby allowing a more general representation of 
the radially symmetric distortion. Once the symmetric distortion is cor- 
rected by the proposed approach, there is still residual asymmetric dis- 
tortion that affects the accuracy of metrology tasks. For removal of the 
residual asymmetric distortion, recent research of the general imaging 
model [15,16] bring us some inspirations about its modeling. The resid- 
ual asymmetric distortion can be seen as a set of associations between 
the distortion rays and the pixels in 2D image space as shown in Fig. 3 . 
In this sense, we regard the residual asymmetric distortion process of 
an optical microscope as a black box, represented by the corresponding 
relationship between all image pixels 𝐮 ∈ ℝ 

2 and the distortion (chief) 
rays 𝐥 = 

[
 1 ,  2 

]
∈ ℝ 

2 . Using this assumption, the residual asymmetric 
distortion can be defined as vector-valued functions (2D RBF interpola- 
tion form). Therefore, the generic distortion model is built by integrating 
the symmetric and asymmetric models together without any knowledge 
or assumptions of a certain distortion type. 

Based on the generic distortion model, an accurate and easy dis- 
tortion correction method is developed for optical microscope imag- 
ing. With the proposed approach, quantitative measurement with bet- 
ter accuracy can be achieved. The key technologies are introduced in 
Section 2 , and the experimental results in Section 3 are presented to 
illustrate the performance of the method. To evaluate the proposed 
model, the effects of a varying the number of control radius, control 
points, and level of noise on the proposed model are evaluated using syn- 
thetic experiments. Real data experiments are performed to verify the 
proposed method, by using Digital Image Correlation (DIC) [4] measure 
the virtual stains of a plate, undergoing rigid body motion. 

2. Principle and method 

In this section, we will introduce the relevant theoretical foundations 
of this proposed generic distortion model, which include the principles 
of Radial Basis Functions (RBFs), the symmetric distortion model and its 
parametric representation, as well as the residual asymmetric distortion 
modeling and parametrization. 

2.1. Interpolation and radial basis functions 

Suppose there are a set of scattered data points 𝐗 = { 𝑥 𝑖 } ⊂ ℝ 

𝑁 (with 
N a natural number) and 𝑦 = { 𝑦 𝑖 } , we want to estimate an unknown 
function,  ∶ ℝ 

𝑁 → ℝ from this dataset, where the set { x i , y i } forms a 
training data set { 𝑦 𝑖 =  ( 𝑥 𝑖 )} . 

Interpolation requires the computation of an interpolating function, 
 ∶ ℝ 

𝑁 → ℝ that satisfies: 

( 𝐱 𝑖 ) =  ( 𝐱 𝑖 ) , ∀𝑖. (1) 

Radial basis functions (RBF) [14,17–19] can be used to solve this prob- 
lem. For a set P of training points { 𝑥 1 , … , 𝑥 𝑃 } , the RBF interpolated 
functions holds the form: 

( 𝐱) = 𝑎 0 + 𝐚 𝐱 𝑇 𝐱 + 

𝑃 ∑
𝑖 =1 

𝑤 𝑖 𝜙( ‖𝐱 − 𝐱 𝐢 ‖) = 

[
𝜙( 𝐱) 𝐩 ( 𝐱) 

]
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

𝐫( 𝐱) 

[ 
𝐰 

𝐚 

] 
⏟⏟⏟

𝐡 𝑤𝑎 

(2) 

where ‖. ‖ is the 2-norm vector, 𝜙 ∶ ℝ + → ℝ is the radial basic functions 

and 𝐚 𝐱 ∈ ℝ 

𝑁 . a 0 , a x and w i are the interpolant unknowns. The interpo- 
lation is obtained by means of estimation of the unknown parameters of 
the interpolant 𝐚 = ( 𝑎 0 , 𝐚 𝐱 ) and 𝐰 = ( 𝑤 1 , … , 𝑤 𝑃 ) of Eq. (2) . The interpo- 
lation functions ( 𝐱) has 𝑃 + 𝐷 + 1 degrees of freedom and the data sets 
X and y only yield P equations. For the estimation of the unknowns in 
Eq. (2) , additional constraints have to be used. Since function 𝜙 is con- 
ditionally positive definite [17] the following equations are verified: 

𝑃 ∑
𝑖 =1 

𝑤 𝑖 = 0 
𝑃 ∑
𝑖 =1 

𝑤 𝑖 𝑥 1 
( 𝑖 ) = … = 

𝑃 ∑
𝑖 =1 

𝑤 𝑖 𝑥 𝐷 
( 𝑖 ) = 0 (3) 

where x i 
( j ) is the i th element of the j th observation. The use of these 

constraints allows the estimation of all unknowns. 

2.2. Symmetric distortion modeling and parametric representation 

The influence of lens distortion in an optical microscope imaging 
system is schematically shown in Fig. 1 . The symmetric distortion, the 
main part of the distortions in an microscope, is modeled at the first 
step. To build the model, an image of a 2D calibration target is captured 
first. Because of the limited depth of the optical microscope imaging, 
one can treat that the imaging plane as parallel to the target plane. 
The feature points (distorted points) on the calibration target can be 
detected as shown in Fig. 2 . The distorted points on the image plane de- 
viate from their un-distorted positions when lens distortion exists. The 
proposed symmetric distortion model refers to a relationship that relates 
the coordinates of distorted points and the corresponding un-distorted 
points (or distortion vectors). To describe this relationship, a coordinate 
system is established, in which the origin located at the center of dis- 
tortion. For simplicity, it is very common to assume that the Center of 
Distortion (COD) is located at the image center. Unfortunately, since the 
real COD can be displaced far from the image center, this approximation 
can deteriorate significantly the results. In [7] , authors state that a small 
deviation of COD estimation may cause notable metrology errors. Here 
the COD estimation algorithm proposed in [7] is used in this paper. A 

brief introduction of Hartly–Kang ’s method is given below. Let an image 
point with distortion called distorted point, denoted as p d and its corre- 
sponding un-distorted point is denoted as p u . The Center of Distortion 
(COD) is indicated as p c . The three points p d , p u , p c should satisfy the 
symmetry condition. One has, 

𝐩 𝐝 𝑇 ( 𝐩 𝐜 × 𝐩 𝐮 ) = 0 ⇒ 𝐩 𝐝 𝑇 [ 𝐩 𝐜 ] ×𝐩 𝐮 = 0 (4) 

where [ · ] × is the skew-symmetric matrix that represents the cross prod- 
uct of vectors. Let p a be a point on the planar calibration target and its 
corresponding un-distorted point in image plane is p u . There is a 2D ho- 
mography between the two points, p u ∝Hp a . Substituting it into Eq. (4) , 
one can obtain, 

𝐩 𝐝 𝑇 [ 𝐩 𝐜 ] ×𝐇 𝐩 𝐚 = 0 (5) 

Define F ∝[ p c ] × H . One can obtain the fundamental matrix relation, 
𝐩 𝐝 𝑇 𝐅 𝐩 𝐚 = 0 . The Center of Distortion (COD) p c can be recovered as the 
left epipole of the matrix F [20] . 

Some studies have declared that the lens aberration occurring near 
the COD is generally very small [2,3] . Thus, the un-distorted nodes of 
the grids without lens aberration (green grids in Fig. 2 ) can be estimated 
by fitting the points near to the COD. For each node, the distorted co- 
ordinate ( x di , y di ) and un-distorted coordinate ( x ui , y ui ) can be obtained 
respectively. Then, the radius r i (from the un-distorted point to the COD) 
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