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a b s t r a c t

The ability to finely manipulate a population of structurally identical dynamical systems is important
for various emerging applications across a broad spectrum of fields in science and engineering. Robust
control of such an ensemble is fundamentally challenging, because individual systems in the ensemble
obey the same dynamical law but have different system parameter values, and only a broadcast control
can be applied to the entire ensemble. In this paper, we establish controllability conditions for the
finite-dimensional time-varying linear ensemble system in a Hilbert space, whose parameters are in
an unbounded set. This work extends our previous study in one-parameter families of linear ensemble
systems with the parameter lying in a one-dimensional compact set.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The problem of controlling populations of structurally identical
dynamical systemswith slightly different natural dynamics has at-
tracted extensive attention in recent years. Notable examples arose
from the domains of biology [1,2], neuroscience [3,4], and quantum
physics [5–8], where targeted coordination of ensemble systems,
e.g., cells, neurons, and spins, respectively, is an essential task to
enable cutting-edge applications in these areas [9–12]. Numerous
studies from both theoretical and computational aspects have
been proposed for the control of ensemble systems, including the
analysis of ensemble controllability [13–19] and ensemble observ-
ability [20,21], and the development of computationalmethods for
optimal ensemble control synthesis [7,12,22–24].

In this paper, we extend our previous work on the control of
one-parameter families of time-varying linear ensemble systems
with a bounded parameter set [14] and consider linear ensemble
systems characterized by multiple parameters over an unbounded
set. Specifically, we analyze controllability of such ensemble sys-
tems in a Hilbert space setting and identify the types of system
(i.e., drift and control) dynamics that will lead to the L2-ensemble
controllability, i.e., controllability defined with respect to the
L2-topology. In the next section,wewill briefly review the previous
results on the control of linear ensemble systems, and in Section 3
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we will construct the controllability conditions on the system and
control matrices for the linear ensemble system to be L2-ensemble
controllable. In Section 4, we present examples to describe and
support the developed theoretical results.

2. Preliminaries to ensemble control of linear systems

Control of one-parameter time-varying linear ensemble sys-
tems inHilbert spaces has been previously investigated [14]. In this
section, we provide a brief review of the relevant previous results
for controlling linear ensemble systems, and, meanwhile, define
the necessary mathematical tools and notations.

2.1. Controllability of one-parameter families of linear ensemble sys-
tems in Hilbert spaces

Consider a parameterized family of finite-dimensional time-
varying linear systems indexed by a parameter β varying over a
compact set K ⊂ R, given by

d
dt

X(t, β) = A(t, β)X(t, β) + B(t, β)u(t), (1)

where X(t, ·) : K → Cn is the state, in which K = [β1, β2] ⊂ R,
and u ∈ Lm2 [0, T ], an m-tuple of L2-functions, is the control; the
matrices A(t, β) ∈ Cn×n and B(t, β) ∈ Cn×m have elements that
are complex-valued L∞- and L2-functions, respectively, defined on
the compact set D = [0, T ]×K ⊂ R2, and are denoted A ∈ Ln×n

∞
(D)

and B ∈ Ln×m
2 (D).
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Definition 1 (L2-ensemble Controllability). An ensemble system as
in (1) is said to be L2-ensemble controllable on the function space
Ln2(K ) if for all X0, XF ∈ Ln2(K ) and for any ε > 0, there exists a
finite time T > 0 and a piecewise-continuous open-loop control
u : [0, T ] → Cm such that starting from X0 ∈ L2(K ), the final state
at time T , XT ∈ Ln2(K ), satisfies ∥XT − XF∥2 < ε [13].

Note that the final time T in Definition 1 may depend on ε.
Furthermore, ensemble controllability can also be defined with
respect to other Lp-norms for 1 ≤ p ≤ ∞, namely, the system is
Lp-ensemble controllable if (

∫
K ∥X(T , β)− XF (β)∥p dβ)

1
p < ε. Note

that the notion of ensemble controllability is consistent with that
of approximate controllability for infinite-dimensional control sys-
tems, such as systems described by partial differential equations
or by delay differential equations [25]. In this paper, our focus is
on the investigation of L2-ensemble controllability of the system
in (1).

It has been shown in [14] that the family as in (1) is L2-ensemble
controllable on the function space Ln2(K ) if and only if for any given
initial and final states, X0, XF ∈ Ln2(K ) at t = 0 and t = T < ∞,
respectively, with ξ = Φ(0, T , β)XF − X0, the conditions

(i)
∞∑
n=1

|⟨ξ, νn⟩|
2

σ 2
n

< ∞, (ii) ξ ∈ R(L), (2)

hold, whereΦ(t, 0, β) is the transitionmatrix of the homogeneous
system d

dt X(t, β) = A(t, β)X(t, β) and L is the input-to-state
operator associated with the system in (1), defined by

(Lu)(β) =

∫ T

0
Φ(0, τ , β)B(τ , β)u(τ )dτ , (3)

and where (σn, µn, νn) is a singular system of L (see Appendix A.1)
and R(L) denotes the closure of the range space of L.

3. Control of multi-parameter linear ensemble systems

The previous results described in Section 2 are concerned with
the time-varying linear ensemble system characterized by a sin-
gle bounded parameter. Here, we generalize these previous find-
ings to establish conditions on the system and control matrices,
A(t, β) and B(t, β), respectively, under which the system governed
by multiple unbounded parameters is L2-ensemble controllable.
Specifically, these conditions are derived for the sake of guaran-
teeing compactness of the input-to-state operator L that governs
the ensemble dynamics.

Specifically, we study the following time-varying linear ensem-
ble system of d parameters of the form,

Σ :

⎧⎨⎩
d
dt

X(t, β) = A(t, β)X(t, β) + B(t, β)u(t),

β ∈ Ω ⊂ Rd, d > 1,
(4)

where X : D → Cn, in which D = [0, T ] × Ω ⊂ Rd+1, u(t) ∈ Cm,
A : D → Cn×n, and B : D → Cn×m. We first observe that the
conditions in (2) were developed based upon the boundedness of
the systemmatrix A(t, β) over a compact set, so that the transition
matrix Φ(t, 0, β) is the limiting matrix-valued function to the
Peano–Baker series associatedwith A(t, β). It follows that essential
boundedness of A(t, β) may also be sufficient to guarantee the
boundedness of the transitionmatrixwhen the parameter setΩ ⊂

Rd is unbounded. The followingmathematical tools are essential to
facilitate our developments of ensemble controllability conditions.

3.1. Preliminaries

Recall thatCn×m equippedwith the Frobenius norm ∥·∥F , where
∥M∥F =

√
trM†M =

√∑n
i=1

∑m
j=1|Mij|

2 forM ∈ Cn×m, is a Banach

space. Let (X, µ) be ameasurable subspace ofRk with the Lebesgue
measure µ and A : X → Cn×m be a matrix-valued function. Then,
we can define the Bochner integral in terms of simple functions,
which are finite linear combinations of characteristic functions of
measurable sets.

Definition 2 (Bochner Integrability). A measurable function A :

X → Cn×m is Bochner integrable if there exists a sequence of simple
functions A1, A2, . . . , An, . . . such that limn→∞

∫
X ∥A − An∥F dµ =

0.

It may be intractable to examine the Bochner integrability
through Definition 2, and thus an alternative characterization of
Bochner integrable functions is given below.

Lemma 1. Let A : X → Cn×m be a matrix-valued function, where
X ⊂ Rk, then A is Bochner integrable if and only if

∫
X ∥A∥F dµ <

∞ [26].

Following Lemma 1, we define the Bochner space of matrix-
valued Lp-functions, Ln×m

p (X, µ) = {A : X → Cn×m
| ∥A∥p < ∞},

where ∥A∥p =
(∫

X ∥A∥
p
F dµ

) 1
p for 1 ≤ p < ∞. For p = ∞,

we have Ln×m
∞

(X, µ) = {A : X → Cn×m
| ∥A∥∞ < ∞}, where

∥A∥∞ = esssupx∈X∥A(x)∥F .

3.2. Characterization of ensemble controllability in Hilbert spaces

Using the terminology of Bochner integral introduced above,
we construct the conditions that render the boundedness of the
transition matrix associated with the system Σ in (4).

Proposition 1. Consider the ensemble system Σ as in (4), if A ∈

Ln×n
∞

(D), then the transition matrix Φ ∈ Ln×n
∞

(D), where D = [0, T ] ×

Ω ⊂ Rd+1 and β ∈ Ω ⊂ Rd.

Proof. The transition matrix of the system in (4) can be repre-
sented by the Peano–Baker series,

Φ(t, 0, β) = I +

∫ t

0
A(σ1, β)dσ1 +

∫ t

0
A(σ1, β)

×

∫ σ1

0
A(σ2, β)dσ2 dσ1 + · · · .

For each fixed (t, β) ∈ D, the triangle inequality of ∥ · ∥F gives
∥Φ(t, 0, β)∥F ≤

√
n+

 ∫ t
0 A(σ1, β)dσ1


F +

 ∫ t
0

∫ σ1
0 A(σ1, β)A(σ2,

β)dσ2dσ1

F +· · · ≤ n+n

∫ t
0 ∥A(σ1, β)∥Fdσ1+n

∫ t
0

∫ σ1
0 ∥A(σ1, β)∥F

∥A(σ2, β)∥Fdσ2dσ1 + · · · , which converges to n exp
[∫ t

0 ∥A(τ , β)∥F

dτ
]
, where the second inequality follows from the relation of the

L2- and L1-vector norms, e.g., ∥
∫ t
0 A(σ1, β)dσ1∥F ≤

∫ t
0

∑
i,j|Aij

(σ1, β)|dσ1 ≤
∫ t
0 n

√∑
i,j|Aij(σ1, β)|2dσ1 = n

∫ t
0

A(σ1, β)

Fdσ1,

with Aij denoting the ijth element of A, and the sub-multiplicativity
of ∥ · ∥F [27]. Let S be the set defined by S = {(t, β) ∈ Rd+1

:

∥A∥F ≤ ∥A∥∞}. Because A ∈ Ln×n
∞

(D), D − S, the complement
of S in D, has Lebesgue measure 0. Then, for each (t, β) ∈ S,
∥Φ(t, 0, β)∥F ≤ ne∥A∥∞T < ∞ and hence Φ ∈ Ln×n

∞
(D). □

Remark 1. It follows from Proposition 1 that Φ(0, t, β) = Φ−1

(t, 0, β) ∈ Ln×n
∞

(D). This can be seen from the fact that Φ(0, t, β)
is the transition matrix associated with the system d

dt X(t, β) =

− A′(t, β)X(t, β), where −A′(t, β) is essentially bounded if A(t, β)
is.

In the following, we consider the ensemble system in (4) and
show different scenarios for the system matrices A(t, β) and con-
trol matrices B(t, β) that lead to L2-ensemble controllability.
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