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a b s t r a c t

In this paper, we study a kind of recursive optimal control problem whose utility functional is described
by the solution of a reflected backward stochastic differential equation (BSDE). We obtain a sufficient
stochastic maximum principle of optimal controls. Moreover, a mixed optimal control problem is consid-
ered to illustrate the application of our theoretical result and the optimal control and stopping strategy
are given.
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1. Introduction

Nonlinear backward stochastic differential equations (BSDEs)
have been introduced by Pardoux and Peng [1]. They gave the
general Feynman–Kac formula for BSDEs coupled with SDEs in [2].
Independently, Duffie and Epstein [3] presented a stochastic dif-
ferential recursive utility, which is a generalization of standard
additive utilitywith an instantaneous utility depending onnot only
the instantaneous consumption rate but also the future utility. As
found by El Karoui et al. [4], the utility process can be regarded
as a solution of BSDE. Reflected backward stochastic differential
equations are a special kind of BSDEs, where a continuous increas-
ing process is introduced to push the solution upward in a kind of
minimal way, in order to keep it above a given stochastic process,
called the ‘‘obstacle’’. El. Karoui et al. [5] got the existence and
uniqueness of solutions to such reflected BSDEs in two different
ways. This kind of reflected BSDEs has a broad range of applications
in mathematical finance, optimal controls and so on. For example,
El Karoui et al. [6] showed that the prices of American options
correspond to the solutions of reflected BSDEs. Hamadène and
Lepeltier [7] used reflected BSDEs to solve a mixed optimal control
problem.

Wu and Yu [8] studied one kind of recursive optimal con-
trol problem with obstacle constraint. To be precise, the utility
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functional is described by the solution of a reflected BSDE with
one lower obstacle. They proved that the dynamic programming
principle still holds for this problem under the condition that the
control domain is compact. Moreover, if the problem is formulated
within a Markovian framework, the value function is shown to be
the unique viscosity solution of an obstacle problem for nonlinear
parabolic PDE which is called the Hamilton–Jacobi–Bellman (HJB)
equation. Motivated by its significance of both theory and applica-
tion mentioned above, we attempt to study a sufficient maximum
principle of optimality for this kind of control problem with ob-
stacle constraint, which is also efficient for themixed optimization
problems. We give such an example with numerical computation
to illustrate the theoretical result.

The rest of this paper is organized as follows. In next section,
we formulate a recursive optimal control problem with obstacle
constraint. In Section 3, we give a sufficient maximum principle
of optimality under convexity and continuity conditions. A mixed
optimal control problem is studied in Section 4 to illustrate our
theoretical result obtained above, where the optimal control and
stopping strategy can be determined. We also provide a numerical
example to demonstrate the optimal result. The last section is
devoted to conclude the novelty and distinctive feature of this
paper.

2. Formulation of the optimal control problem

Let (Ω,F,P) be a complete probability space equipped with a
natural filtration Ft = σ {Ws, 0 ≤ s ≤ t}, where {Wt}t≥0 is a
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d-dimensional standard Brownian motion defined on the space.
T > 0 is a fixed time horizon, and F = FT . We denote by ⟨·⟩

(respectively, |·|) the scalar product (respectively, norm) for a given
Euclidean space. Moreover, we define the admissible control set U
by

U :=

{
{vt}0≤t≤T is a U-valued Ft-adapted process

s.t. E
[∫ T

0
|vt |

2dt
]

< +∞

}
,

where U is a nonempty subset of Rl. An element of U is called an
admissible control.

For a given admissible control, consider the following stochastic
control system:{

dxv
t = b(t, xv

t , vt )dt + σ (t, xv
t , vt )dWt , 0 ≤ t ≤ T ,

xv
0 = α,

(1)

where α ∈ Rd is a given constant, and the mappings b(t, x, v) :

[0, T ] × Rd
× U → Rd, and σ (t, x, v) : [0, T ] × Rd

× U → Rd×d

satisfy the following assumption:
(H2.1) b, σ are continuously differentiable in x for all (t, v) ∈

[0, T ] × U and there exists a constant L > 0 such that

|b(t, x, v)| ≤ L(1 + |x|), |σ (t, x, v)| ≤ L(1 + |x|),
|b(t, x, v) − b(t, x′, v)| + |σ (t, x, v) − σ (t, x′, v)| ≤ L|x − x′

|.

Thus, by Theorem 5.2.1 of [9] (see also Theorem 6.3 in Chapter 1
of [10]), (1) admits a unique solution {xv

t , 0 ≤ t ≤ T } for any v ∈ U .
Moreover, let us consider the following controlled reflected

BSDE with the ‘‘obstacle’’ {h(t, xv
t ), 0 ≤ t ≤ T }:

yv
t = g(xv

T ) +

∫ T

t
f (s, xv

s , y
v
s , vs)ds + kv

T − kv
t

−

∫ T

t
zv
s dWs, 0 ≤ t ≤ T ,

(2)

where the mappings f (t, x, y, v) : [0, T ] × Rd
× R × U → R,

h(t, x) : [0, T ] × Rd
→ R, and g(x) : Rd

→ R satisfy the following
assumption:
(H2.2) f , g and h are continuously differentiable in (x, y) for all
(t, v) ∈ [0, T ] × U , h(T , x) ≤ g(x) for all x ∈ Rd, and there exists a
constant L > 0 such that
|f (t, x, y, v)| ≤ L(1 + |x| + |y|), |h(t, x)| ≤ L(1 + |x|),
|g(x)| ≤ L(1 + |x|),
|f (t, x, y, v) − f (t, x′, y′, v)| + |h(t, x) − h(t, x′)| + |g(x) − g(x′)|

≤ L(|x − x′
| + |y − y′

|).

Then by Theorem 5.2 in [5], for any v ∈ U , (2) admits a unique
solution {(yv

t , z
v
t , k

v
t ), 0 ≤ t ≤ T } such that

(i) yv
t ≥ h(t, xv

t ), 0 ≤ t ≤ T ;
(ii) {kv

t } is increasing and continuous, kv
0 = 0 and

∫ T
0 (yv

t −

h(t, xv
t ))dk

v
t = 0.

The objective of our problem is to look for an optimality ū ∈ U such
that

ȳ0 := yū0 = sup
v∈U

yv
0,

and we denote it by Problem (P).

Remark 2.1. Problem (P) is one kind of recursive optimal control
problem with obstacle constraint yt ≥ h(t, xt ), 0 ≤ t ≤ T . For
example, if {xt} represents the investment value and {yt} repre-
sents the recursive utility in a financial market, then the constraint
means that the utility is required to be higher than a given function

of investment value at any time, which is quite reasonable for the
rational investors. More examples for this kind of optimization
problem can be referred to Wu and Yu [8].

3. Sufficient maximum principle

In this section, we shall give a sufficient maximum principle of
optimality for Problem (P). The main tool is Clarke’s generalized
gradient defined as follows (see e.g. [10]):

Definition 3.1. Let G be a region in Rn. Then for any locally
Lipschitz function ϕ : G → R and x ∈ G,

∂ϕ(x) =

{
ξ ∈ Rn

: ⟨ξ, y⟩ ≤ lim sup
z∈G,z→x,t↓0

ϕ(z + ty) − ϕ(z)
t

, ∀y ∈ Rn
}

is called the Clarke’s generalized gradient of ϕ at x.

Let us assume
(H3.1) The control domain U is a convex body in Rl.
(H3.2) The partial derivatives of b, σ and f in (x, y) are continuous
in (x, y, v).
Then we have

Theorem 3.2. Let Assumptions (H2.1)–(H2.2) and (H3.1)–(H3.2)
hold. Suppose ū is an admissible control and {x̄t , 0 ≤ t ≤ T },

{(ȳt , z̄t , k̄t ), 0 ≤ t ≤ T } are the corresponding solutions of (1) and
(2), respectively. Define h̃(t, x) = h(t, x)1{t<T } + g(x)1{t=T }, and

H(t, x, y, P,Q , q, v) = ⟨b(t, x, v),Q ⟩ + ⟨σ (t, x, v), q⟩
+ ⟨f (t, x, y, v), P⟩.

For a given Ft-stopping time τ dominated by T , introduce adjoint
processes {Pt}, {Qt} satisfying{

dPt =fy(t, x̄t , ȳt , ūt )Ptdt, 0 ≤ t ≤ τ ,

P0 = − 1,
(3)

and⎧⎪⎨⎪⎩
−dQt = [bTx (t, x̄t , ūt )Qt + σ T

x (t, x̄t , ūt )qt
+ f Tx (t, x̄t , ȳt , ūt )Pt ]dt − qtdWt , 0 ≤ t ≤ τ ,

Qτ = h̃T
x (τ , x̄τ )Pτ .

(4)

If for any Ft-stopping time τ dominated by T , h̃(t, ·) is concave while
H(t, ·, ·, Pt ,Qt , qt , ·) is convex, and

H(t, x̄t , ȳt , Pt ,Qt , qt , ūt ) = min
v∈U

H(t, x̄t , ȳt , Pt ,Qt , qt , v),

∀v ∈ U, t ∈ [0, τ ], (5)

then ū is an optimal control of Problem (P).

Proof. For any v ∈ U , set the stopping time τ = inf{0 ≤ t ≤ T :

yv
t = h(t, xv

t )}. Let us consider

yv
0 − ȳ0 = −E[P0(yv

0 − ȳ0)].

Applying Itô’s formula to P(yv
− ȳ) and ⟨Q , xv

− x̄⟩ on the time
interval [0, τ ] respectively, we have

E[Pτ (yv
τ − ȳτ )] − E[P0(yv

0 − ȳ0)]

= E
∫ τ

0
fy(t, x̄t , ȳt , ūt )Pt (yv

t − ȳt )dt

− E
∫ τ

0
Pt [f (t, xv

t , y
v
t , vt ) − f (t, x̄t , ȳt , ūt )]dt

− E
∫ τ

0
Pt (dkv

t − dk̄t ),

(6)
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