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1. Introduction

Let T be a positive number and £2 be a nonempty, open bounded
domain in R¥(N > 1), with smooth boundary 3£2. Let » be a
nonempty and open subset of §2. Consider the following controlled
system:

aty - Ay = XoX(z,T)U in £ x (07 T),
y=0 onds2 x (0, T), (1.1)
y(0) = yo in £2.

Here yo € [%(£2) is a given function, u € L*(0, T;I%(£2)),
7 € [0,T), x»o and x(; 1) stand for the characteristic functions
of w and (t, T), respectively. We denote the solution of (1.1) by
V(5 Yo, X(emu)-

In this paper, we set

LP(0,T) 2 {v € L(0, T)|v(t) > 0 ae. t €(0,T)}.

Denote by || - || and (-, -) the norm and inner product of 1%(£2),
respectively, by B(0, r) and B(0, ) the open and closed ball of L?(£2)
centered in 0 and of radius r > 0, respectively.
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The null and approximate controllability of system (1.1) has
been studied in many works (see, e.g. [1,2]). Especially, for each
e > 0, we have ||y(T;y0,0)]]| < & when T is large enough. The
readers can also refer to [3-9] for more discussions on controlled
heat equations.

Three kinds of optimal control problems: time optimal control
problem, target optimal control problem and norm optimal con-
trol problem, are important and interesting problems of optimal
control theory. For the deterministic systems, the reader can refer
to [10] to obtain the recent results and open problems. The readers
can also refer to [11-16,8] for time optimal control problems. For
the stochastic ones, norm optimal control problems were con-
sidered in [17-19] for controlled stochastic ordinary differential
equations, and in [20] for controlled stochastic heat equations.
The reader can also refer to [21,9,22] for the work on equivalence
between these three optimal control problems.

For a given function M(-) € L(0, T), we define

Uney = {v € 10, T; L2(£2))|[o(t)]]
< M(t)forae.t € (0,T)}, (1.2)

RWo, T, T) 2 {¥(T; Yo, xe.my)|u € Uniy}, YT €l0,T),
R(Yo, T, T) £ {y(T; yo, 0)},

and

02 sup {T|¥(T; Yo, Xe.mtt) = 0, U € U} (1.3)
re[0,T)
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Here, if the set in the right hand side of (1.3) is empty, we agree
that To = 0.
In this paper, we assume that yy # 0, and define

er £ [Iy(T; yo, 0)]l > O. (1.4)

The time optimal control problem considered in this paper
reads as follows:

t(e) 2 sup {t|W(T: Yo, xee.ryut) € B(O, &), u € Un(y} (1.5)
7€[0,T)

where & > 0. In this problem, if u € Uy.) and y(T; yo, (. 1)Ut) €

B(0, ¢) for some 7 € [0, T), we call u an admissible control; if

t(e) € [0, T)and u* € Ung, satisfy y(T; Yo, x(ze)mU*) € B(O, &), we

call z(e) and y(z(¢),ryu* the optimal time and a time optimal control

to problem (1.5), respectively.

We now introduce the corresponding target optimal control
problem, with 7 € [0, T), in the following manner:

e(t) & inf {IIY(T; yo. xenyWllu € Uny} - (16)
In this problem, u* is called target optimal control if

u* € Uycy and [IY(T; yo, x@ni")ll = &(z).

It is obvious that 0 < &(7) < er.

The first main result of this paper is to establish the following
time-varying bang-bang property to the problem (1.5):

Theorem 1.1. Suppose that M(-) € L(0,T),e > 0, R(yo, T, T)N
B(0, &) = ¥ and R(yo, 0, T) N B(0, &) # . Then the following two
conclusions are true:

(i) The problem (1.5) is solvable, and the time optimal control
X(x(e).r)U" IS unique;

(ii) The time optimal control x(;() ryu* to the problem (1.5) satis-
fies the following time-varying bang-bang property:

[lu* ()] = M(t) forae. t € (z(e), T) (1.7)
and
IV(T; Yo, Xz(e).myu™)Il = €. (1.8)

The bang-bang property of time optimal control problem, first
studied in [23], is a classical problem in control theory. There also
exist many works on this topic (see, e.g. [24-26,16,27,28,8,29,30]).
But, to the best of our knowledge, there does not exist any work on
this kind of time-varying bang-bang property. As an application of
Theorem 1.1, the second main result of this paper is to obtain the
relation between problems (1.5) and (1.6) as follows:

Theorem 1.2. Let M(-) € L(0, T). Then the function T — &(t)
is strictly monotonically increasing and Lipschitz continuous from
(o, T) onto (e(to), er). Furthermore, it holds that

e =¢(t(e)), Veellelwn)er), (1.9)

and

t =1(e(1)), V7TE€(rn,T) (1.10)
When M(-) = My (Mp > 0 is a constant), a kind of equivalence

theorem of time optimal control problem and target optimal con-
trol problem has been discussed in [9].

We organize this paper as follows. In Section 2, we shall prove
the existence of target optimal controls for the problem (1.6), and
discuss some properties of optimal controls (see Lemma 2.1). Then
we prove Theorems 1.1 and 1.2 in Section 3.

2. Existence of optimal controls for (1.6) and their properties

Lemma 2.1. Let t € [0,T) be fixed. Then the following two
conclusions hold:

(i) There exists at least one time optimal control for the problem
(1.6);

(ii) 7o € [0, T). Moreover, if T € (1o, T), then any target optimal
control u* to the problem (1.6) satisfies the following property:

()]l =

Proof. (i) Let t € [0, T) be fixed. It is obvious that e(t) > 0. Let
{un}n=1 C Unm() be a minimal sequence of (1.6), i.e.,

M(t) forae.t € (t,T). (2.1)

I¥(T; yo, x(z.mttn)ll = &(z) as n — oo. (2.2)
Since

lun(E) < M(t) < IM()lleo(o,ry forae. te(0,T),

there exists a subsequence of {u,}n>1, still denoted by itself, and
v* € L%(0, T; [(£2)) such that

u, — v* weakly starin L>(0, T; L*(£2)). (2.3)

By (2.3) and a standard argument, there is a subsequence of {n},>1,
still denoted in the same way, such that

Y(:3 Yos Xz m)Un) = Y(+3 Yo, X(z.1yv™) strongly in
C([0, T1; L*(£2)). (2.4)
It follows from (2.2) and (2.4) that
1¥(T; Yo, X(z.ryv™)ll = (7). (2.5)
We next show that
lv*()l < M(t) ae. t e(z,T). (2.6)

By contradiction, there would exist §; > 0 and a measurable set
Ey C (t, T)with |Eg| > 0 such that

()] > M(t) + b,

where |Ey| represents the Lebesgue measure of Egy. Then

Vit e E, (2.7)

lo*@©)llde > [ M(e)dt + SolEol. (2.8)
Eo Eo
Set
0, t €(0,T)\ Eo,
HOER A0 (2.9)
s Eo.
RG]

It is obvious that ¢ € L°(0, T; [(£2)). By (2.3), we can check that

T
/ (a(t). ¢(E)dt = / (Un(0), x5y () (0}l

Eo

—>/ XEo(E)0*(£), £(t))dt (2.10)

Since ||u,(t)|| < M(t)a.e.t € (0, T), it follows from (2.9) and (2.10)

that

/ lv*(t)||dt = 11m/ (ug(t ))dtf/ M(t)dt
Eo
8).

which contradicts (2
Finally, we set u*
(2.5)and (2.6).
(ii) By (1.3),(1.4) and (i) of this lemma, we can easily check that
To € [0, T)

£ X(z,ryv*. Then (i) of this lemma follows from
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