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a b s t r a c t

Output synchronization of heterogeneous multi-agent systems has been one of the most interesting
cooperative control problems. This paper first gives a brief survey of the research on the problem from
which we see that the problem can be solved in a two-step manner with the aid of a properly designed
local reference for each agent: (i) a controller is designed for each agent to achieve the trajectory regulation
of the agent output to its associated reference; (ii) network collaboration is added to achieve consensus
among references. In the presence of system uncertainties, the robust trajectory regulation problem in (i)
can be solved by an internal model design. In this paper, we formulate a novel robust asymptotic model
matching problem which is less conservative than trajectory regulation and can be solved by a static
controller not relying on an internal model. Moreover, network collaboration is designed in (ii) within the
so-called output communication setting such that consensus among references occurs concurrently with
robust asymptotic model matching. As a result, output synchronization of heterogeneous multi-agent
systems is achieved with a novel approach.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The research interest in cooperative control of multi-agent
systems was initially inspired by nature phenomena such as ani-
mals’ group behaviors [1]. The theoretical progress has also con-
tributed to applications in many areas such as formation control of
autonomous vehicles [2], distributed sensor networks, load balanc-
ing [3] and power networks [4]. The main characteristics of coop-
erative control of multi-agent systems is that it relies on only local
communication between physically or virtually connected neigh-
boring agents. Due to this distributed control mechanism, the sys-
tem is less vulnerable to agent failure. This paper is concernedwith
one of the most interesting problems in cooperative control of the
multi-agent systems, that is, the output synchronization problem,
which aims to seek agreement on agents’ outputs. An output syn-
chronization problem is also called a consensus problem with the
former focusing more on agent dynamics and the later on network
communication mechanism [5].

The output synchronization problem has been widely studied
for multi-agent systems of simple and homogeneous dynamics,
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e.g., single or double-integrators [6,7], where it is also called
a consensus problem. A general output synchronization of
homogeneous network is formulated on a group of identical
dynamics described by ẋi = Axi + Bui, yi = Cxi + Dui, i =

1, . . . ,N; see [8–10], among others. The input ui for each agent is
designed to achieve agreement among the outputs yi, i = 1, . . . ,N .
When the network is synchronized, the control input vanishes
and all agents have their behaviors automatically governed by the
‘‘homogeneous kernel’’, i.e., ẋi = Axi.

Conversely, a heterogeneous network is composed of non-
identical agents whose dynamics are described by ẋi = Aixi +

Biui, yi = Cixi + Diui, i = 1, . . . ,N . As distinct from the
homogeneous scenario, ‘‘kernel’’ dynamics are not automatically
defined for an agreed behavior. Therefore, it is unavoidable to
manually specify a set of homogeneous reference dynamics for
each agent, e.g., żi = Aozi + Bovi, ŷi = Cozi, with the auxiliary
control input vi. It is expected that when synchronized, all agents
have their behaviors governed by the specified ‘‘homogeneous
kernel’’, i.e., żi = Aozi.

With the aid of reference models, output synchronization is
achieved through two steps. In the first step, a controller ui is
designed for each agent such that the agent output is regulated to
the associated local reference in the sense of limt→∞ yi(t)−ŷi(t) =

0. In the second step, additional network collaborative control
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Fig. 1. Schematic diagram of local control design for each agent i = 1, . . . ,N . Solid line arrows represent local measurement and control signal flows; block arrows
represent network communication signal flows. For state communication, we permit transmission of the internal reference state represented by the block arrow ‘‘A’’. For
output communication, the agent output is transmitted across the network represented by the block arrow ‘‘B’’.

is added to vi (and ui if necessary) to achieve consensus among
homogeneous references in the sense of limt→∞ zi(t) − zj(t) =

0, ∀i, j = 1, . . . ,N . Next, we will review the research status
on these two steps and hence introduce the motivation of this
paper. The schematic diagram of control design for each agent is
illustrated in Fig. 1.
I. Regulation of an agent to its local reference

When the agent dynamics involve no uncertainties, the regu-
lation can always be achieved by a controller (called a regulator
in Fig. 1) using feedforward compensation. Specifically, the regula-
tion problem essentially aims to achieve limt→∞ yi(t) − ŷi(t) = 0
between the agent ẋi = Aixi + Biui, yi = Cixi + Diui and the vir-
tual reference żi = Aozi + Bovi, ŷi = Cozi. (For linear systems, Bovi
does not influence system stability and is therefore left in the sec-
ond step of consensus design for discussion. With Bovi not taken
into consideration, the reference żi = Aozi is called a virtual refer-
ence for convenience.) This is a standard formulation of an output
regulation problem in literature. It is well known that a static con-
troller ui = Ki(xi − Πizi) + Γizi solves the problem where Ki is
the stabilizing matrix and Πizi and Γizi are the feedforward com-
pensation satisfying the Sylvester equations ΠiAo = AiΠi + BiΓi
and CiΠi + DiΓi = Co. Such a feedforward design was used in [11]
(although an observer state x̂i was implemented in the controller
instead of xi). It is worth noting that a feedforward compensation
controller was studied in [12,13] for nonlinear systems. To achieve
exact regulation, the feedforward compensation depends on pre-
cise calculation of the reference trajectory ŷi(t) = Cozi(t) and its
time derivatives. A main feature of the work in [12] is that the ref-
erence żi = Aozi + Bovi is properly designed such that the relative
degree between vi and ŷi is sufficiently high. As a result, the net-
work communication signal vi does not appear in ŷi or its required
time derivatives. A similar technique was also reported in [13] for
a subtly different setup where the reference dynamics are more
general but not explicitly specified.

When the agent dynamics involve uncertainties, exact feedfor-
ward compensation for achieving regulation becomes impossible.
For example, Πi and Γi cannot be precisely determined according
to the Sylvester equations if the system matrices Ai, Bi, Ci,Di con-
tain uncertainties. Therefore, researchers appeal to the so-called
internal model principle. Specifically, for linear systems, the regu-
lation problemessentially aims to achieve limt→∞ yi(t)−ŷi(t) = 0
between the agent ẋi = Ai(w)xi +Bi(w)ui, yi = Ci(w)xi +Di(w)ui
and the virtual reference żi = Aozi, ŷi = Cozi (system uncertain-
ties are explicitly represented by w). This is a standard formula-
tion of a robust output regulation problem in the literature, which
can be solved by a dynamic controller ui = ki(ηi, xi, yi, zi), η̇i =

ζi(ηi, xi, yi, zi) (called a regulator in Fig. 1). In the literature on
the robust output regulation problem, the virtual reference żi =

Aozi is called an exosystem and the dynamic compensator η̇i =

ζi(ηi, xi, yi, zi) an internal model. Such an internal model based de-
signwas used in [14] for linear SISO systems (although an observer
state x̂i was implemented in the controller instead of xi). It is noted
that different terminology is used in literature. For example, the
real reference żi = Aozi + Bovi itself is called an internal model
in [11]. Moreover, in [11] and some other relevant works [15–17],
the authors also investigated the necessity of internal model for
synchronization.

It is worth mentioning that recently there was some relevant
development of the internal model based design for nonlinear
systems. For nonlinear systems, the situation becomes more
complicated. In particular, the real reference żi = Aozi + Bovi
should be considered as the exosystem because an extra input has
a complicated influence on a nonlinear system. The robust output
regulation problem with this exosystem has been studied using
two different approaches. In [18], when the network consensus
controller vi = ki(z) is designed, the network of all reference
models, represented by an autonomous system ż = Ao ⊗ Iz +

col(Bok1(z), . . . , BokN(z)), with z = col(z1, . . . , zN), is regarded
as the exosystem for each agent. Based on this bulky exosystem
whose dimension is proportional to network size, a class of internal
model is designed which solves the robust output regulation
problem. An alternative approach was given in [19,20] where
the problem is also formulated as a robust output regulation
problem for each agent, but with its own single reference model
as its exosystem subject to external perturbation vi (i.e., the
network influence from neighboring agents). In particular, the
formulation is termed a perturbed output regulation problem. In
the formulation of [19,20], for each agent, the network influence is
regarded as an external perturbation, so the regulation controller
for each individual agent can be designed in a decentralized
manner. Moreover, the design does not rely on the network
protocols (e.g., a sampled-data network consensus algorithm was
adopted in [19]).

We can see from the above that, for either linear systems
or nonlinear systems, robust output regulation actually aims at
trajectory tracking in the sense of limt→∞ yi(t) − ŷi(t) = 0
for ŷi(t) = Cozi(t). A dynamic internal mode based controller
is unavoidable for the robust output regulation problem when
the agent dynamics contain uncertainties. The work in this paper,
however, reveals that exact trajectory tracking is not always
necessary for output synchronization of multi-agent systems. In
fact, we will define a new problem, that is, there exists a trajectory
σi(t) governed by the dynamics of the reference model, i.e.,
σ̇i = Aoσi, such that limt→∞ yi(t) − ŷi(t) = 0 for ŷi(t) =

Coσi(t). The subtle difference between this new problem and
the aforementioned robust output regulation problem is that the
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