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a b s t r a c t

In this paper, we consider the problem of identifying the active mode of a switching linear system from
data sequences of a finite length. The results combine elements from canonical correlation analysis and
subspace projectionmethods. In addition to providing insight into the geometricmeaning of the problem,
the results turn out to be of practical relevancewhenevermode-identification is addressed in the presence
of noisy-corruptedmeasurements. In particular, the results can be used to provide conditions underwhich
mode-identification occurs independently of a prescribed noise level.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Recently, progress in both research and industrial areas has re-
sulted in the design and analysis of increasingly complex dynamic
systems. In this context, considerable attention has been devoted
to multi-mode, switching, and hybrid systems as a valuable mod-
eling tool. Many physical systems can in fact be represented by
switching or interpolating between locally valid models. Examples
are found in several diversified fields such as servo positioning sys-
tems, mechanical engines with gear transmission, and communi-
cation protocols [1–3]. Switching between multiple models also
arises naturally and plays a fundamental role when faulty mode
dynamics are introduced tomodel systems subject to failures [4,5].
Similar ideas can finally be found in problems of state estimation
and observer design for multimodal systems and/or under switch-
ing measurement equations [6,7].

Among the properties relevant to the analysis of multi-mode
and switching systems, mode-observability plays a central role.
Mode-observability essentially refers to the problem of identify-
ing (reconstructing) the active mode of the system from available
output measurements [8]. It is therefore a central question when
the reconstruction of the mode itself is requested (e.g. in a fault
detection setting). In addition, it also plays a central role whenever
the estimate of the current mode in a switching system is used for
the activation of an appropriate controller or state-observer.
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Several results have been reported on mode-observability for
the discrete time case along with centralized (see, e.g., [8–12]) or
distributed (see [13]) mode-identification algorithms. The contin-
uous time setting has been faced in [14,15] in the more general
framework of invertibility of a switching system (wherein the ac-
tive mode has to be reconstructed together with the system con-
tinuous input). These results, however, only provide a yes-or-no
answer to the mode-observability question, giving no information
about the mode-observability degree of a given system. Only re-
cently, in the context of system invertibility, the robustness with
respect to initial conditions and the possible presence of distur-
bances have been studied for continuous-time systems (see [16]).

Information about the distinguishability degree among differ-
ent system modes is crucial whenever mode-identification is
addressed in the presence of measurement noises, in order to
quantify how noisy-corrupted measurements may affect mode-
identification in practice. In fact, even in the case when twomodes
can be always distinguished in the absence of noises, the latter
can prevent from distinguishing two modes if they are too similar
and/or if the continuous state of the system is too small. A synthetic
characterization of such properties is the subject of this paper.

In the general casewhen somemodes of the system are not dis-
tinguishable for all the continuous states, several insights into the
geometry of the problemare provided that characterize the contin-
uous state domain in terms of distance from the indistinguishabil-
ity set. Such results could be exploited in the control design stage.
In fact, the possibility of quantitatively measuring the degree of
mode-observability of a given switching system is a fundamen-
tal ingredient for characterizing the performance achievable by
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control and estimation algorithms which rely on mode identifica-
tion [7,17–19].

As in classical state-observability problems, where some com-
ponents of the state may be more difficult to observe than others,
one may find systems where some of the modes are easy to ob-
serve whereas some others are not. In this respect, a key feature
of the proposed approach is that it allows one to quantify the ob-
servability degree of each mode of the system with respect to any
other mode. This is of special interest, for example, in fault de-
tection, when one can give different importance to a false alarm
(estimated faulty mode when the system is in the nominal con-
figuration) with respect to a missed detection (estimated nominal
mode when, instead, a fault has occurred) [4].

A preliminary step in this direction was taken in [20]. The
results there proposed, however, are mainly oriented towards
switching nonlinear systems and, as such, do not take full advan-
tage of linearity. In this paper, we introduce a mode-observability
index which is specific for switching linear systems, and involves
elements from canonical correlation analysis and subspace projec-
tion methods.

The remainder of the paper is as follows. In Section 2, we
describe the framework under consideration and give a precise
characterization of distinguishability. After providing some back-
ground material (Section 3), some results about the degree of dis-
tinguishability are presented in Section 4. In Section 5, such results
are related to least-squares mode estimation in a noisy environ-
ment. An example is finally given in Section 6 to substantiate the
analysis. All the proofs are given in the Appendix.

2. Mode-observability

Consider the following switching linear system

xt+1 = Aρt xt , yt = Cρt xt (1)

where t ∈ Z+ = {0, 1, . . .}, x ∈ Rn is the state, y ∈ Rm is the output
and ρ : Z+ → Q is the switching signal, i.e. the signal which
identifies the index of the active subsystem at each time instant. Q
is a finite index set, whose elements are referred to as themodes.

To begin with, a notion of distinguishability is introduced.
Distinguishability refers to the question of whether different
process modes may give rise to the same output trajectory. We
make this concept precise. LetN be a given positive integer, and let

Oq
△
=


Cq

Cq Aq
...

Cq AN−1
q

 (2)

be the Nth order observability matrix associated with q. The fol-
lowing definition is in order.

Definition 1. Mode q is said to be indistinguishable from mode p
in N steps on x ∈ Rn if ∃v ∈ Rn such that Opv = Oqx; otherwise it
is said to be distinguishable.

Let now

Ξqp
△
=


x ∈ Rn

|∃v ∈ Rn such that Opv = Oqx


(3)

be the set of states on which mode q is indistinguishable from
mode p. Such a set can be obtained by projecting onto the first n
components the set ker(Oq −Op), where, given a matrix A, ker A
denotes the null space of A. The latter consideration highlights the
fact that distinguishability is not a symmetric relation. In other
words, one may have situations in which q is distinguishable from
p but not vice versa, i.e., in general Ξpq need not be equal to Ξqp.

Notice also that, because of linearity, the vector 0 always belongs
to Ξqp.

The question of distinguishability is intimately connected to
the so-called (initial) mode-observability problem, which is the
problem of identifying the active mode of a switching system
assuming that the process mode stays constant during the
observation interval [10]. To clarify the matter, let

y|tt+N−1
△
= col(yt , yt+1, . . . , yt+N−1) (4)

be the vector obtained by sliding a window of length N along the
sequence {yt}. Thus

Oqxt = y|tt+N−1 (5)

provided that ρk = q for k = t, t + 1, . . . , t + N − 1.
Hence, distinguishability of q from p on the state xt is the same
as saying that one can rule out p when observing y|tt+N−1. Mode-
identification can then be obtained by determining which of the
candidatemodes is consistentwith the observation vector. This can
be achieved simply by letting

Qt
△
=


p ∈ Q : rank Op = rank


Op y|tt+N−1


. (6)

Under distinguishability, i.e., when xt does not belong to Ξqp for
any p ≠ q, Qt returns a singleton which is the active mode of the
system [8,11].

Unfortunately, the analysis above does not give conclusive in-
formation when, as always happens in practice, noise is present in
the measurements. Let

zt = yt + ηt (7)

be the actualmeasured signal, where η ∈ Rm denotes themeasure-
ment noise. The effect of η on mode identification is that z|tt+N−1
need not belong to any of the subspaces imOp, where, given a ma-
trix A, im A denotes its range. Accordingly, when (6) is applied to z
instead of y, Qt may return the empty set. This essentially suggests
that, from a practical viewpoint, it is not sufficient to determine
whether or not distinguishability holds. On the opposite, one needs
to obtain some quantitative measure for distinguishability and an-
alyze how this affectsmode-identification in the presence of noise.

The remainder of this paper is devoted to developing a system-
atic answer to these issues. In this respect, the basic idea is as fol-
lows. Consider a mode q, and let

πp(Oqx)
△
= min

v∈Rn
∥Opv − Oqx∥ (8)

where ∥ · ∥ denotes Euclidean norm. Notice that the action of min-
imizing the term on the right hand side of (8) is essentially that
of determining how close p may appear to q when observing Oqx.
Accordingly, (8) can be taken as a representative measure of the
degree of distinguishability of q with respect to p at x. Notice, for
instance, that πp(Oqx) takes value 0 if and only if x ∈ Ξqp. The in-
tuition for (8) is that the larger the values taken on by πp(Oqx), the
more negligible the effect of the measurement noise will be when
the active mode of the system is q.

This is indeed the case as we show in the next sections. More
fundamentally, in the analysis to followwe show that the proposed
measure for distinguishability can be expressed in the form of a
bound which depends on the Euclidean distance of x to the set
Ξqp where the degree of distinguishability of q with respect to p
is minimum. We will see that this makes it possible to determine,
for eachmode of the system, the regions of the space wheremode-
identification occurs independently of a prescribed noise level.

3. Background

We begin by providing some technical results necessary for the
developments of Section 4. This backgroundmaterial is essentially
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