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Abstract The steady calculation based on the mixing-plane method is still the most widely-used

three-dimensional flow analysis tool for multistage turbomachines. For modern turbomachines,

the trend of design is to reach higher aerodynamic loading but with still further compact size. In

such a case, the traditional mixing-plane method has to be revised to give a more physically mean-

ingful prediction. In this paper, a novel mixing-plane method was proposed, and three representa-

tive test cases including a transonic compressor, a highly-loaded centrifugal compressor and a high-

pressure axial turbine were performed for validation purpose. This novel mixing-plane method can

satisfy the flux conservation perfectly. Reverse flow across the mixing-plane interface can be

resolved naturally, thus making this method numerically robust. Artificial reflection at the

mixing-plane interface is almost eliminated, and then its detrimental impact on the flow field is min-

imized. Generally, this mixing-plane method is suitable to simulate steady flows in highly-loaded

multistage turbomachines.
� 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Multistage turbomachinery flow is inherently unsteady due to
the relative motion of adjacent rotor and stator blade rows.
However, at ordinary operation point, the time-averaged flow
field in each blade passage in either rotor or stator blade row is

almost the same in the relative frame of reference fixed to the
corresponding blade row under consideration. Thus, quasi-

steady calculation can be performed based on single blade pas-
sage, which can capture the major flow features but with much
less computational effort than full unsteady simulation. The

simplest way to obtain a steady state solution is the frozen
rotor technique. It keeps the relative positions of the rotor
and stator fixed, and thus the results are position-dependent.

A more reasonable way for quasi-steady calculation is the
mixing-plane method which was first proposed by Denton.1

In this method, spanwise profiles of the circumferentially aver-
aged flow variables are transferred between adjacent blade

rows, which means the source of flow unsteadiness in a blade
row due to the circumferential nonuniformity propagated from
adjacent blade row(s) can be removed so that the steady
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solution can be obtained. Since the mixing-plane method was
proposed, it has been the most popular way in the simulations
of multistage turbomachinery flows, and it will still be the

favorite method for engineers in the next decade.
In general, there are two key steps to realize a mixing-plane

method. First, an averaging technique is required to obtain the

circumferentially averaged flow state at each side of the inter-
face. Second, the circumferentially averaged flow state must be
transferred through the interface. Various detailed treatments

of the above procedures are proposed and are still under fur-
ther improvement in the literature.2–7

For the first key step in mixing-plane method, the straight
and simplest way is to circumferentially average the flow vari-

ables directly. However, first, there is no consensus on what
flow variables should be circumferentially averaged.8 The prin-
cipal flow variables such as density, velocity and pressure are

often selected, while the total pressure, total temperature and
flow angles can also be circumferentially averaged to model
each successive blade row more like individuals. Second, actu-

ally there is no suitable weighted averaging method that can
deal with the situation when there exist both forward and
inverse flows across the interface. Besides, due to the non-

linear relationship between the flow variables and the flux,
the total flux calculated from circumferentially averaged flow
variables may be deviated from the total flux of the non-
uniform flow. Thus the conservation of mass, momentum

and energy would not be strictly satisfied. To solve this prob-
lem, the flux-based circumferential averaging technique2 has
been widely used. However, there is a root square operation

in solving the mixed-out static pressure from the averaged
fluxes, and thus divergence would be encountered during the
initial stage of calculations. Another shortcoming of this

method is that it cannot allow the reverse flow across the
mixing-plane interface directly. Recently, Wang3 improved this
flux-based mixing-plane method. The primitive variable varia-

tions are directly determined from the flux difference between
the two sides of the interface, and then the numerical stability
is enhanced and reverse flow across the interface can be han-
dled. Later on, Ning4 presented his mixing-plane model which

can also ensure the flux conservation but based on a more
physical background.

For the second step of a mixing-plane method, i.e., the

information exchange across the interface, the most important
issue is to prevent wave reflections from the interface. Giles9

proposed a 1D characteristic-based nonreflective boundary

condition (NRBC) in which the circumferential and radial
variations are neglected. Then, Saxer and Giles10 extended this
NRBC to quasi-3D flow based on the assumption that the
radial variations are small compared to circumferential varia-

tions. Anker et al.11 extended this theory to fully 3D NRBC.
The 1D NRBC is most widely used due to its simplicity and
robustness.3–6 However, it does not always work well when

the circumferential nonuniformity is strong and/or the adja-
cent blade rows are closely spaced, and thus the non-physical
reflections from the interface would be notable. To remit this

problem, Ning4 proposed a method that a constant-radius buf-
fer layer was added at each side of the interface to damp the
outgoing waves.

In this paper, the basic theory of this novel mixing-plane
method is first stated and then three typical test cases are given
to demonstrate the superiority of this mixing-plane method.

2. Mixing-plane governing equations

From the authors’ point of view, the mixing-plane method
should not just be a pure numerical procedure to transfer

the circumferentially averaged flow variables across the
interface. A physical correspondence for this pitchwise mix-
ing can be found, i.e., we can just make the gap between the

two adjacent blade rows long enough so as to mix out all
the non-uniformities (as shown from Fig. 1(a) and (b)), while
the spanwise mixing is assumed to be suspended in the ‘‘ex-
tended mixing region”. Therefore, for a fully converged flow

field in the case as shown in Fig. 1(b), we can find such an
intermediate position where the flows are pitchwise uniform.
At this position, if we cut out an infinitely thin slice as

denoted by two lines ‘‘ml” and ‘‘mr” in Fig. 1(b), the follow-
ing governing equations expressed in cylindrical coordinate
system hold

@Q

@t
þ Fmr � Fml ¼ 0 ð1Þ

where the mixed-out conservative variables Q in the slice and
the advective flux F are expressed as,

Q ¼ ½ q; qvx; qvh; qvr; qe �T;

F ¼ ½ qU; qUvx þ nxp; qUvh þ nhp; qUvr þ nrp; qUH �T

with t being the pseudo time, q the density, ðvx; vh; vrÞ the abso-
lute velocity components expressed in cylindrical coordinate
ðx; h; rÞ, e the total energy, U ¼ nxvx þ nhvh þ nrvr the advective

velocity normal to the blade row interface, p the static pressure

and H the total enthalpy. The unit vector n ¼ ðnx; nh; nrÞT
denotes the normal direction of blade row interface, and nh
is actually equal to zero because the interface is a revolution

surface.
The solution of Eq. (1) is the intermediate mixed-out state.

As shown in Fig. 1(b), the advective fluxes from surface ‘‘L” to
‘‘ml” and from ‘‘R” to ‘‘mr” are conservative if the flow is

inviscid and adiabatic, and we can thus obtain the following
equations:

Fml ¼ 1

SL

Z
L

F � dS ð2Þ

Fmr ¼ 1

SR

Z
R

F � dS ð3Þ

where S is the surface area at the interface, and the subscripts
‘‘L” and ‘‘R” denote the exit of upstream blade row and the
inlet of downstream blade row. Therefore, at each time-

marching step for the passage flows, suppose that the bound-
ary conditions at both boundaries ‘‘L” and ‘‘R” have been
defined, and the advective flux across these two boundaries
can be evaluated, and thus the flux terms in Eq. (1) are known.

Subsequently, the intermediate fully mixed-out state can be
updated by solving Eq. (1) through an individual time-
marching loop (the time stepping can be synchronized with

that for the passage flows). As Eq. (1) converges, the advective
flux at the blade row interface is conserved. The solution of Eq.
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