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Abstract A comparative study is performed between a crack closure model and the Willenborg

model, which can calculate the fatigue crack growth rate under the overload effects. The modified

virtual crack annealing (VCA) model is briefly reviewed, which is based on the equivalent plastic

zone concept. In this method, the retardation phenomenon is explained by the crack closure level

variation, which is derived from the interactions between forward and reverse plastic zones ahead

of the crack tip. As a comparison, the Forman equation in conjunction with the Willenborg model

is also reviewed. The retardation phenomenon is described by directly modifying the stress intensity

factor. It is known that the large plastic zone created by the overload can decelerate the fatigue

crack growth rate until the crack grows beyond this region. A relationship between the plastic zone

and the modified stress intensity factor is developed, which is a mathematical fitting equation

instead of physical-based formulation. The experimental data in aluminum alloys are used to val-

idate these two models. Overall, good agreement is observed between the model predictions and the

testing data. It is noted that the approach based on modified VCA model can give more accurate

prediction curves than the Willenborg model.
� 2016 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and

Astronautics. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

20

211. Introduction

22For many aircraft structures, understanding the fatigue crack
23growth under service loading conditions is of great signifi-
24cance. Many structure components are frequently subjected
25to constant amplitude loading with occasional high peak
26loads, which are called overloads. Due to the constant air
27current and occasional turbulence during the flight, the fati-
28gue crack growth of the aircraft structural component is
29always under the influence of overloads. It is necessary to
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30 deeply understand and precisely predict the fatigue crack
31 growth behavior under the constant amplitude loading with
32 overloads. And many experimental, theoretical and numerical
33 studies are conducted to investigate it.1–3 Additionally, the
34 retardation phenomenon caused by the overload is a typical
35 load sequence interaction effect.4,5 The intensive study on
36 overload effect is a prerequisite for theoretically solving the
37 nonlinear crack propagation problem under variable ampli-
38 tude loading.
39 Plentiful models were proposed to quantify the nonlinear
40 fatigue crack growth with the overload effect.6–8 These mod-
41 els could be divided into two main categories: the crack-
42 closure-based models and the plasticity-based models. For
43 the crack-closure-based model, the crack closure level
44 increases as a result of overload, which retards the subse-
45 quent fatigue crack growth. Elber9 introduced the crack clo-
46 sure concept firstly and developed the relationship between
47 the crack growth rate and the effective intensity factor range.
48 In his study, this approach is only validated under the con-
49 stant amplitude loading. And then, many modified models
50 are proposed to analyze the crack closure variation under
51 overload effects.10–14 However, in most of the existing mod-
52 els, the crack closure is evaluated either by the finite element
53 analysis or by the indirect experimental measurements. The
54 former is relatively time consuming due to involving the
55 highly nonlinear analysis of cyclic plasticity and contact,
56 while the latter is not suitable for variable amplitude load-
57 ing.15,16 Zhang and Liu17,18 preformed an in-situ scanning
58 electron microscope (SEM) experiment and directly observed
59 the crack closure phenomenon. The virtual crack annealing
60 (VCA) model is developed, which is inspired from this exper-
61 iment observation. In this paper, this model is modified by
62 introducing the equivalent plastic zone concept which could
63 quantify the previous load sequence effects. For the second
64 category, the methods are based on the assumption that the
65 large monotonic plastic zone ahead of the crack tip leads
66 to the crack growth retardation phenomenon. In these mod-
67 els, the plastic zone size is considered as a modification factor
68 of the fatigue crack growth rate. For example, Wheeler19 pro-
69 posed a series of empirical models to evaluate the overload
70 effects. And Willenborg et al.20 modified these models, which
71 do not incorporate any meaningless parameter. Willenborg
72 et al. described the retardation phenomenon by proposing a
73 relationship between the effective stress intensity factor and
74 the plastic zone size, which is a mathematical fitting equation
75 instead of physical-based formulation. Additionally, this
76 model presents the limitation of estimating the crack arrest
77 for overloads with magnitude ROL P 2 and the load sequence
78 effects owing to underloads.21

79 This investigation aims to compare the Willenborg
80 approach with the modified VCA model for fatigue crack
81 growth prediction under the constant amplitude loading
82 with overload effects. The paper is organized as follows.
83 First, the modified VCA model and the Willenborg model
84 are reviewed. Then, the fatigue testing data of D16 alu-
85 minum alloy and Al 7075-T6 under constant amplitude
86 loading with/without overloads are employed to validate
87 these two models. Finally, the comparative analysis and
88 some conclusions are given based on the current
89 investigation.

902. Methodology

912.1. Modified virtual crack annealing model

92Elber9 introduced the crack closure concept firstly and devel-
93oped the relationship between the fatigue crack growth rate
94and the effective stress intensity factor, which can be expressed
95as
96

da

dN
¼ CðDKeffÞm

DKeff ¼ Kmax � Kop

ð1Þ
9898

99where da/dN is the crack growth rate; DKeff is the effective
100stress intensity factor; Kmax is the stress intensity factor of
101the peak load; Kop is the stress intensity factor of crack closure
102level; C and m are calibration parameters.
103Since the fatigue crack growth is significantly influenced by
104plasticity ahead of the crack tip, the load sequence effect can
105be correlated with the plastic deformation in the vicinity of
106the crack tip. In order to investigate this effect, the plastic state
107caused by the previous loads should be traced. Therefore, the
108equivalent plastic zone concept is proposed herein, and the
109general expression can be written as
110

a0þ
Xi
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 !
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113where Deq,i is the equivalent plastic zone size in the ith cycle; a0
114the initial crack length; da the crack increment; di the current

115plastic zone size in the ith cycle; a0 þ
Pi

j¼1daj the crack length

116in the ith cycle; i the current cycle number. A schematic sketch
117is given to illustrate the equivalent plastic zone concept. The
118loading sequential process and the corresponding plastic state
119variation are shown in Fig. 1. The dashed zigzag lines repre-
120sent the loading history. The large plastic zones have been
121formed at t1, and the crack tip is O1 at that moment. The
122monotonic and reverse plastic zones can be expressed as10

123

dm ¼ p
8

Kmax

ry

� �2
dr ¼ p

8

Kmax�Kop

2ry
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126where dm is the monotonic plastic zone size; dr the reverse plas-
127tic zone size; ry is tensile yield strength. The current load is
128applied at t2 and the new crack tip is O2. The large forward
129and reverse plastic zones, which are the dotted ellipses, form
130during the largest load cycle in the previous loading history.
131Before t2, the following plastic zones do not reach their bound-
132aries respectively even though the crack grows. The solid
133ellipses represent the equivalent plastic zones ahead of the
134crack tip O2. In addition, the actual contour of plastic zone
135is butterfly-shape instead of circle, but theoretically their diam-
136eters along the crack direction are identical (Fig. 1). In current
137study, the plastic zone effects are calculated by the equivalent
138plastic zone which is considered to be in direct proportion to
139the circular diametric distance. This proportional relation is
140indicated by the geometry modification factor which is equal
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