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a b s t r a c t 

We derive, using two different methods, exact analytic stationary solutions of the massive 

nonlinear Dirac equation (NLDE) in (1+1) dimensions as described by Thirring and Gross- 

Neveu models. In the first method, the equations are analyzed and some mathematical and 

physical properties of the solutions are inferred including continuity and wave equations of 

the current density. These properties are then used to derive the exact stationary solutions. 

The same solutions of Thirring model are rederived by finding a Lax pair representing the 

model and applying the Darboux transformation. The significance of finding the Lax pair 

lies in the fact that it opens the possibility to find an infinite chain of solutions by suc- 

cessive applications of the Darboux transformation. Within the range of physical interest, 

the derived solutions are localized. They show solitonic behavior of the spinor fields of a 

bounded fermions. Basic conserved quantities are calculated from the momentum energy 

tensor and some conclusions are drawn. 

© 2018 Published by Elsevier B.V. 

1. Introduction 

Since the fifties of the last century, literature had become rich in various models of the nonlinear Dirac equation (NLDE) 

[1–4] . They describe the interactions of relativistic fermions according to classical field theory. Each of these models is 

distinguished by the specific mode of interaction it considers. Typical models include the massive Thirring model [1] , which 

is of interest to condensed matter physics, and describes the vector-vector coupling mode. While the Gross–Neveu model 

[3] , which is devoted to high energy physics, considers scalar-scalar coupling. A recent work by Alhaidari [5] shows that 

both of the massive models mentioned above can be considered as special cases of a more general three-parameter model. 

That model was built by obtaining variations in a spinor action and then depending on special choices of the values of 

the parameters, both of Thirring and Gross–Neveu models can be derived, besides other models describing various modes 

of coupling. Basically, all of the models mentioned above can be extended to higher dimensionality. Interested readers can 

refer to Stubbe and co-workers [6–16] . 

All NLDE models share the property of having a first order spatial derivative in the kinetic terms of the equation, which 

makes them more challenging to solve compared to their non-relativistic analogue; namely the nonlinear Schrödinger equa- 

tion (NLSE) that includes a second-order spatial derivative, and had been solved exactly [17] . Nonetheless, the NLDE has a 

wide range of applicability as it accounts for relativistic interactions which had made it recently much frequently involved 

in the modeling of various systems in the fields of research. It had been used in Bose–Einstein condensates [18] and in 
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electron transport in graphene [19] . A work on diffraction of light [20,21] shows that the dynamics of light propagation in 

some kind of lattice is comparable to those deduced from a massless model of NLDE. 

The inclusion of NLDE in many of the recent fields of physics had triggered the interest towards analyzing it [22–24] and 

trying to find it’s solutions, especially the ones with solitary wave behavior as they can represent localized physical systems. 

Numerical solutions had been calculated [25] as well as other analytical ones [4] . Also the stability of those solutions had 

been discussed extensively [6–15,18] . Recently, a work was published handling a massless form of NLDE for Bose–Einstein 

condensates in a honeycomb lattice [26] where soliton and oscillatory solutions were obtained using both numerical and an- 

alytical methods. In addition, a soliton solution is deduced for a massive model of NLDE corresponding to waveguide arrays 

[27] . In Ref. [28] , Al Khawaja has derived an exact stationary soliton and oscillatory solutions using analytical techniques 

for spin-symmetric and pseudo spin-symmetric forms of NLDE with Kerr nonlinearity. 

In this paper, we derive exact stationary solutions of two of the massive models of the NLDE (Thirring and Gross–Neveu) 

first by using analytical methods and then retrieving these solutions again by applying Darboux transformation. In Section 2 , 

we start the discussion with stating the models that are of interest to our work and deriving some of their properties 

including continuity equations. In Section 3 , we use the properties derived in Section 2 together with analytical methods 

to find exact stationary solutions of Thirring and Gross–Neveu models and write them in closed form. In Section 4 , A Lax 

pair is obtained for Thirring model. Then, by using the Lax pair to apply the Darboux transformation, we rederived the 

same exact solutions that were found analytically. In the last Section 5 , we discuss some of the mathematical and physical 

properties obeyed by the solutions. 

2. The nonlinear Dirac equation models 

We start by the generalized NLDE model proposed by Ref. [5] in (1+1) dimensions: 

i∂ t ψ + = mψ + + ∂ x ψ − + 

(
α+ | ψ + | 2 + α−| ψ −| 2 )ψ + + αW 

(
ψ + ψ 

∗
− + ψ 

∗
+ ψ −

)
ψ −, (1) 

i∂ t ψ − = −mψ − − ∂ x ψ + + 

(
α−| ψ + | 2 + α+ | ψ −| 2 )ψ − + αW 

(
ψ + ψ 

∗
− + ψ 

∗
+ ψ −

)
ψ + , (2) 

where ψ ± ( x, t ) are the two components of the spinor field and m is the rest mass of the particle. α± = αV ± αS and αW 

are three dimensionless parameters defining the strengths of the different modes of coupling. ∂ t and ∂ x are the partial 

derivatives with respect to t and x , respectively. It is interesting to note that various NLDE models can be obtained by 

running the coupling parameters α ± and αW 

. Among the models of special interest in the fields of physics and can obtained 

from Eqs. (1) and (2) are the massive models of Thirring [1] and Gross–Neveu [3] . The reader can check Ref. [5,28] for other 

different modes of coupling that can be derived from Eqs (1) and (2) . 

The massive Thirring model is recognized as the purely vector coupling mode of interaction and then can be obtained 

from the coupled Eqs (1) and (2) by setting αS = αW 

= 0 which in turn results in α+ = α− = αV : 

i∂ t ψ + = mψ + + ∂ x ψ − + α+ 
(| ψ + | 2 + | ψ −| 2 )ψ + , (3) 

i∂ t ψ − = −mψ − − ∂ x ψ + + α+ 
(| ψ + | 2 + | ψ −| 2 )ψ −, (4) 

while the Gross–Neveu model defines the purely scalar mode of coupling and can be obtained from 1 and 2 by setting 

αV = αW 

= 0 . So, one gets α+ = −α− = αS : 

i∂ t ψ + = mψ + + ∂ x ψ − + α+ 
(| ψ + | 2 − | ψ −| 2 )ψ + , (5) 

i∂ t ψ − = −mψ − − ∂ x ψ + − α+ 
(| ψ + | 2 − | ψ −| 2 )ψ −. (6) 

The present work focuses on these last two models. The solutions of any of them is different from the other in form, 

in properties and even in the fields of applicability. But in spite of those differences, there are some properties that are 

common for both of them. One of the properties shared by not only Thirring and Gross–Neveu models, but also by any form 

obtained by setting αW 

= 0 in Eqs. (1) and (2) , is that they satisfy two conditions defined by the following two equations 

(derived in Appendix A ): 

∂ t 
(| ψ + | 2 + | ψ −| 2 ) + i∂ x 

(
ψ 

∗
+ ψ − − ψ + ψ 

∗
−
)

= 0 , (7) 

i∂ t 
(
ψ 

∗
+ ψ − − ψ + ψ 

∗
−
)

+ ∂ x 
(| ψ + | 2 + | ψ −| 2 ) = −[2 m + (α+ − α−)(| ψ + | 2 − | ψ −| 2 )] 

(
ψ 

∗
+ ψ − + ψ + ψ 

∗
−
)
, (8) 

where ψ 

∗+ and ψ 

∗− are the complex conjugates of ψ + and ψ −, respectively. The first of these two equations, (7) , repre- 

sents the continuity equation of the current, which is equivalent to a conservation law. It shows that the space integral 

of 
(| ψ + | 2 + | ψ −| 2 ), the total probability density of the two components of the spinor fields, is a conserved quantity. That 

condition can be interpreted as a representation of the interaction between the two components of the spinor fields and 

the coupling nature among them. The second equation, (8) , is considered to be a condition giving the time evolution of 
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