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a b s t r a c t 

Starting from the quarter car suspension system, the discontinuous dynamics of a general 

class of strongly nonlinear single degree of freedom oscillators are investigated using the 

flow switchability theory of the discontinuous dynamical systems. The characteristic of this 

oscillator is that they possess piecewise linear damping properties, which can be expressed 

in a general asymmetric form. More specifically, the viscous and constant damping prop- 

erties appearing in the equation of motion depend on the velocity direction. Different do- 

mains and boundaries are defined according to the discontinuity. Based on above domains 

and boundaries, the analytical conditions for motion switchability at the velocity bound- 

ary in such oscillators are developed to understand the motion switching mechanism. To 

describe different motions in domains, the generic mappings and mapping structures are 

introduced. Based on the appropriate mapping structures, the periodic motions of such dis- 

continuous systems are predicted analytically. Specified periodic and grazing motions for 

the quarter car model are given through the displacement, velocity and forces responses 

to illustrate the analytical criteria of complex motions. However, the periodic motions with 

switching for such nonlinear oscillators cannot be obtained from the traditional analysis, 

like the perturbation and harmonic balance method. Moreover, the present analysis can 

be extended to cover wider classes of dynamical systems, like mechanical oscillators with 

variable stiffness and damping properties. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

Automobiles travel at high speed, and as a consequence experience abroad spectrum of vibration. These are transmitted 

to the passengers either by tactile, visual, or aural paths. The vibration environment is one of the more important criteria by 

which people judge the design and construction “quality” of a car. Suspension systems are important devices for reducing 

oscillations caused by the interaction of the vehicle with the unevenness of the road surface, so an effective suspension 

system is necessary for safety and reliability. With the advancements in control theory and suspension technology, signifi- 

cant improvements have been made so far [1–6] . A quarter car suspension system, consisting of a sprung mass, springs and 

viscous damping elements, is quite complex and strongly nonlinear. More specifically, the mechanical model involves dry 
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friction and possesses a different damping coefficient in jounce (compression) than in rebound (extension) [7,8] . In other 

words, the characteristic of these oscillators is that they possess viscous and constant damping properties, which depend 

on their velocity direction. Moreover, due to the presence of the dry friction terms in the equation of motion, there exists 

discontinuous in the acceleration and the friction force. This leads to difficulties in predicting and understanding the system 

dynamics, which in turn causes complications at their design stage. Therefore, the investigation of the dynamical behavior 

of this kind of discontinuous systems is very important. 

As is known to all, discontinuous dynamical systems exist everywhere in the real world. The early investigation of dis- 

continuous dynamical systems in mechanical engineering can be found in [9] . The discontinuity in such a dynamical system 

is caused by friction forces. From mathematical points of view, Levitan [10] discussed a friction oscillation model with 

the periodically driven base in 1960, and presented the stability of the periodic motion. Hunda [11] further discussed the 

dynamical response of the base driven friction oscillator in 1979. In addition, the approximate solutions of responses in 

friction-induced oscillation were of great interest in recent years. Ko et al. [12] studied the friction-induced vibrations with 

and without external excitations in 2001. Andreaus and Casini [13] achieved the closed form solutions of the Coulomb 

friction-impact model without external excitations in 2002. In 2003, Thomsen and Fidlin [14] presented the approximate 

analytical amplitude for stick-slip vibration with nonlinear friction model. Since the discontinuous system is closely linked 

to the differential inclusion, which was first considered by Marchaud and Zaremba [15,16] , many problems of discontinuous 

systems can be solved by differential inclusion, especially the differential equations with discontinuous right-hand sides. 

The general theory of differential inclusion can be referred to Ref. [17] . In 1964, Filippov [18] gave differential equations with 

discontinuous right-hand sides, which started from the Coulomb friction oscillator. The concept of differential inclusion was 

introduced via the set-valued analysis, and the existence and uniqueness of the solution for such a discontinuous differ- 

ential equation were discussed. The comprehensive discussion of such discontinuous differential equations can be referred 

to Ref. [19] . According to the theoretical basis for dynamic characteristics composition presented in [20] , Bazhenov et al. 

[21] further discussed bifurcations in discontinuous vibroimpact system and observed phenomena unique for nonsmooth 

systems with discontinuous right-hand side. Since the discontinuity exists extensively in engineering and control systems, 

Aizerman and Pyatniskiy [22,23] extended Filippov’s concepts and gave another definition of solutions for discontinuous 

differential equations, which in many cases coincides with the notion introduced by Filippov, see Ref. [24] . Based on the 

generalized theory for discontinuous dynamical systems presented in [22,23] , Utkin [25] developed sliding model control 

through the discontinuity for controlling dynamic systems. Utkin [26] gave sliding models and the corresponding variable 

structure systems, and the theory of automatic control systems described with variable structures and sliding motions was 

also developed in [27] . In 1988, DeCarlo et al. [28] gave a review on the development of the sliding mode control. In 20 0 0, 

Leine et al. [29] used the Filippov theory to investigate bifurcations for nonlinear discontinuous systems. Nevertheless, the 

Filippov’s theory mainly focused on the existence and uniqueness of the solution for non-smooth dynamical systems, and 

the Filippov’s differential inclusion provides a set of possible candidates for motion switching or sliding. Such a differential 

inclusion theory with discontinuity is still difficult to be used for determining the complexity of discontinuous dynamical 

systems because the local singularity of a flow to the separation boundary was not discussed. 

To further investigate the local singularity in the vicinity of the separation boundary, in 2005, Luo [30] established a 

general theory for discontinuous dynamical systems with connectable domains. The local singularity of discontinuous dy- 

namical systems near the separation boundary was discussed. Various basic passibility of a flow to the boundary were 

defined and the necessary and sufficient conditions for such passibility were presented. Using this theory, Luo and Chen 

[31] investigated the grazing bifurcation for the generic mappings, fragmentation of strange attractors of a harmonically 

forced, piecewise, linear systems. To determine the sliding and source motions in discontinuous dynamical systems, the 

imaginary, sink and source flows were introduced in Luo [32] . The detailed discussion of the singularity and dynamics of 

discontinuous dynamical systems can be referred to Luo [33] . To further study the local singularity in discontinuous dynam- 

ical systems, G-functions for such systems were introduced in Luo [34] . Using such G-functions, the flow switchability to the 

separation boundary, the switching bifurcations between non-passable and passable flows were investigated. Furthermore, 

Luo [35] presented the flow switchability theory of discontinuous dynamical systems on time-varying domains, and applied 

this theory to different practical problems, such as the grazing motion and sliding motions in a periodically forced discon- 

tinuous dynamical system with incline line boundary, the stick motion and grazing motions for a periodically traveling belt 

with dry friction. In recent years, the dynamics of friction systems have been well studied by above G-functions and flow 

switching theory for discontinuous dynamical systems. Luo and Thapa [36] discussed the singularity and switchability of pe- 

riodic motions in a simplified brake system with periodic excitation. Luo and O’Conner [37] studied the nonlinear dynamical 

behaviors of a train suspension system, the analytical conditions for possible stick between the wedge and surrounding wall 

were developed. Luo and Huang [38] investigated the discontinuous dynamics of a nonlinear friction-induced, periodically 

forced oscillator, the analytical conditions for stick and non-stick motions in such an oscillator were obtained. The theory of 

flow switchability for discontinuous dynamical systems can be applied not only to the friction system, but also to impact 

systems, pulse phenomena of impulsive differential systems, and synchronization of two differential dynamical systems. Sun 

and Fu [39] developed the analytical conditions for synchronization of the Van der Pol equation with a sinusoidally forced 

pendulum using the theory of discontinuous dynamical systems. Fu and Zheng. [40] investigated the chatter dynamics for a 

class of second-order impulsive switched systems - a certain of Van der Pol equations, sufficient conditions to keep the pulse 

phenomena absent were developed. In [41] , Fu and Zheng discussed the regenerative chatter phenomena in a turning pro- 

cess by using the method of flow theory in discontinuous systems. Using the flow switchability theory of the discontinuous 
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