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a b s t r a c t 

Numerical solutions to Newtons equations of motion for chaotic self gravitating systems 

of more than 2 bodies are often regarded to be irreversible. This is due to the exponen- 

tial growth of errors introduced by the integration scheme and the numerical round-off

in the least significant figure. This secular growth of error is sometimes attributed to the 

increase in entropy of the system even though Newton’s equations of motion are strictly 

time reversible. We demonstrate that when numerical errors are reduced to below the 

physical perturbation and its exponential growth during integration the microscopic re- 

versibility is retrieved. Time reversibility itself is not a guarantee for a definitive solution 

to the chaotic N-body problem. However, time reversible algorithms may be used to find 

initial conditions for which perturbed trajectories converge rather than diverge. The ability 

to calculate such a converging pair of solutions is a striking illustration which shows that 

it is possible to compute a definitive solution to a highly unstable problem. This works 

as follows: If you ( i ) use a code which is capable of producing a definitive solution (and 

which will therefore handle converging pairs of solutions correctly), ( ii ) use it to study 

the statistical result of some other problem, and then ( iii ) find that some other code 

produces a solution S with statistical properties which are indistinguishable from those of 

the definitive solution, then solution S may be deemed veracious. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

General analytic solutions to problems in Newtonian dynamics [1] can only be achieved for a single particle, N = 1 , 

or for N = 2 [ [2,3] , see [4] for a historical overview]. Families of periodic solutions exist for N > 2 [5] , and in particular 

the parameter-space search of [6] has succesully identified more than 10 0 0 new periodic solutions to the restricted 3- 

body problem, suggesting that the number of such solutions is interminable. The latter is consistent with the existence of 

periodic solutions within the KAM theorem [7–9] . For all other solutions approximate methods have to be employed. These 

approximate solutions are unreliable due to the intrinsic chaotic nature of the problem, leading to exponential growth of 

small perturbations [10–12] . This notion is not new, as Poincare [13] already pointed out: 
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Une cause très petite, qui nous échappe, détermine un effet considérable que nous ne pouvons pas ne pas voir, e t al.rs 

nous disons que cet effet est dû au hasard. Si nous connaissions exactement les lois de la nature et la situation de 

l’Univers à l’instant initial, nous pourrions prédire exactement la situation de ce même Universe à un instant ultérieur. 

Mais, lors même que les lois naturelles n’auraient plus de secret pour nous, nous ne pourrions connâitre la situation ini- 

tiale qu’approximativement. Si cela nous permet de prévoir la situation ultérieure avec la même approximation, c’est tout 

ce qu’il nous faut, nous disons que le phénomène a été prévu, qu’il est régi par des lois; mais il n’en est pas toujours ainsi, 

il peut arriver que de petites différences dans les conditions initiales en engendrent de très grandes dans les phénomènes 

finaux; une petite erreur sur les premières produirait une erreur énorme sur les derniers. La prédiction devient impossible 

et nous avons le phénomène fortuit. 1 

As a result, small errors in the temporal or spatial discretizations, or in the numerical integration scheme cause any 

solution to eventually become invalid [14] , maybe even within a few dynamical time scales [15] . 

The relation between instability and chaoticity manifests itself by the high sensitivity to small changes in the initial con- 

ditions [12,16,17] . Divergent behavior is often demonstrated by performing two calculations with a slight offset δ in phase 

space. The exponential growth with time of this phase-space distance δ( t ) is expressed in the largest Lyapunov exponent 

[18] . For a chaotic system, the associated e-folding time is positive and finite. The rate of divergence of two trajectories in 

phase space is characterised by this e -folding time, which is specific for the N -body realization. Since Newton’s equations 

of motion are time reversible a finite parameter space must exist for which δ( t ) diminishes [19] ; namely, when an initial 

divergent pair of trajectories is time reversed, it should return to the moment the perturbation was introduced. Such be- 

havior can only be established when solving Newton’s equations of motion with sufficient accuracy and enough precision 

to guarantee that the accumulated error and its exponential growth remains below the introduced deviation δ(t = 0) . In 

Appendix A we present a short glossary of terms used in the manuscript to help the reader appreciate our discussion. 

The combination of hypersensitivity to small perturbations and non-integrability prevents us from manifesting Newton’s 

reversibility numerically, because the underlying method should be accurate as well as precise in order to arrive at a con- 

verged solution. High-order and symplectic numerical solvers tend to be insufficiently accurate, in the sense that reducing 

the time step tends to interfere with the lack of precision due to the growth of the error introduced by round off [20] . The 

combination of the exponential growth of small perturbations and the inevitability of numerical errors forms the funda- 

mental argument why solving Newton’s equations of motion still is one of the hardest problems in computational physics. 

Individual numerical trajectories quickly forget their initial conditions. 2 Instead of integrating a single realization until a 

converged solution is obtained one often considers ensembles of trajectories in phase space, starting with a random sample 

of initial realizations close to, and possibly including, the objected realization [22] . Each of these realizations is subsequently 

calculated and the objected phase space is anticipated to provide a probability density distribution around the true solution. 

In principle this leads to a veracious solution, but this is not guaranteed, in which case the ensemble average may well 

be distinct from the true solution. [20] demonstrated that an ensemble of reprehensible solutions was statistically indistin- 

guishable from the an ensemble of converged solutions with identical realizations, a quality we call nagh Hoch . 

It is not clear whether the strict time-reversibility of Newton’s equations of motion can be feasibly maintained from a 

practical numerical point of view. The authors in [23,24] , claim that the chaotic nature of the underlying dynamical processes 

then prevents us, via the second law of thermodynamics, to reverse time and calculate backward. Lehto [23] associate 

such irreversible dynamical process to the increase of entropy and the arrow of time in systems that, from a theoretical 

perspective should be strictly deterministic. We instead call this process numerical confusion. 

Chaos in N -body systems is often confused with a number of side effects, including uncertainties in the initial conditions, 

round-off, integration errors, spatial and temporal discretization, as was already pointed out by Heggie et al. [25] . In a 

chaotic self-gravitating system errors grow exponentially but with sufficient accuracy and precision this does not prevent 

the system from resulting in a definitive solution. Such calculations are time reversible [26] , but time reversibility itself is 

insufficient to guarantee a definitive result because the method may still fail to resolve close encounters either by lack of 

accuracy or by lack of precision. Two neighboring solutions on the other hand recover their initial offset when reversed after 

some finite time. In such a time-reversed evolution trajectories approach each other until the initially introduced phases- 

space distance δ(t = 0) is reached, after which they diverge again. Such a phase-space offset diminishing simulation leads 

to exponential convergence within a finite time interval. Most studies in N -body dynamics focus on the largest positive 

Lyapunov exponent to measure the rate of divergence between neighbouring trajectories rather than on converging solutions 

[27] . In the next section, we demonstrate that such converging trajectories exist, and we speculate that they are important 

when the duration of the convergence phase becomes comparable to the simulation time-scale of interest. 

1 A tiny influence, which we didn’t notice, has considerable repercussions that we can’t ignore, and then we say that this effect is pure chance. If we 

knew exactly the laws of nature and the conditions of the universe at the initial moment, we could exactly predict the situation of that same universe at 

any succeeding moment. But even if it were the case that the natural laws had no longer any secret for us, we could still only know the initial situation 

approximately. If that enabled us to predict the succeeding situation with the same approximation, that is all we require, and we should say that the 

phenomenon had been predicted, that it is governed by laws. But it is not always so; it may happen that small differences in the initial conditions produce 

very great ones in the final phenomena. A small error in the former will produce an enormous error in the latter. Prediction becomes impossible, and we 

have the fortuitous phenomenon. 
2 With the term “forget” we mean that the behaviour of a solution (in some chaotic region) becomes statistically independent of its initial conditions 

(see [21] ). 
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