Commun Nonlinear Sci Numer Simulat 39 (2016) 248-251

Contents lists available at ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Model of the Newtonian cosmology: Symmetries, invariant
and partially invariant solutions

@ CrossMark

I. Klebanov®<*, O. Startsun?, S. Ivanov®

aDepartment of Physics and Mathematics, Chelyabinsk State Pedagogical University, Chelyabinsk 454080, Russia
b Department of Computational Mathematics and Informatics, South Ural State University, Chelyabinsk 454080, Russia
¢ Department of Physics, South Ural State University, Chelyabinsk 454080, Russia

ARTICLE INFO ABSTRACT
Article history: Symmetry group of the equation system of ideal nonrelativistic self-gravitating fluid with
Received 5 June 2015 zero pressure is calculated. Submodel invariant under the subgroup of rotations SO(3) is

Revised 2 February 2016
Accepted 27 February 2016
Available online 17 March 2016
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1. Introduction

Model of the Newtonian cosmology is basic in the study of large-scale structure of the Universe [1-7]. The model is a
system of equations of ideal nonrelativistic self-gravitating fluid with zero pressure, density p, velocity ¥ and gravitational
potential & [2]

a—p + V.(,on) =0,

at

—
%—?+(7.V)T}’+V(¢)=O, M
AD =A4myp.

The first equation is the equation of continuity, the second - Euler equation, the third - Poisson equation, A - Laplace
operator, y is the gravitational constant. The present model is nonrelativistic, but adequately describes the evolution of
inhomogeneities in the density of matter in the Universe, because the peculiar velocity and gravitational potential, as is
known, do not reach relativistic values (for example, see a detailed discussion in the review [1]. At the present time various
approximations of the solution of system (1) are well studied, the best known of them is Zeldovich “pancakes” model [1,3].
The aim of our work is systematically study the system of equations (1) by methods of group analysis that will yield new
exact analytical solutions that not only going beyond perturbation theory but also useful for testing numerical methods.
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Due to the symmetry in the model of Newtonian cosmology one can apply the SUBMODELS program, similar to Ovsyan-
nikov’s program in gas dynamics. So, the system (1) will present as a “big model” [10]. The program SUBMODELS allows
in principle to obtain all possible invariant and partially invariant solutions of the “big” model and to analyze their physi-
cal meaning. This, in our opinion, is the advantage of the methodology of group analysis compared with other methods of
mathematical modeling.

2. Lie point symmetries

Rewrite the system (1) in Cartesian coordinates in dimensionless variables:
P+ p(Ux +Vy + wz) +Upx +Vpy + @wp; =0,
Up + Ully + VUly + wu; + Oy = 0,
Ve + uvx + Wy + oV, + &y =0, (2)
Wt + Uwy + Vwy + ww; + P, =0,
D+ Dy + D, = p,

where x, y, z - Cartesian coordinates, t - time, u, v, @ - the velocity components.
Generator of the group will be sought in the form

X=5(")3)(+§(y)3y+€(z)3z+§(t)3r+77(p)3p+77(®)3q>+17(”)3u+7)(v)3u+77("’)3w,

where & and 1 are components of the tangent vector field, d - operator of differentiation in the corresponding variable.
Calculation according to standard algorithm Lie-Ovsyannikov [8] with help of package GeM [9] shows that the system allows
for an infinite-dimensional algebra with the components of the tangent vector field

EW = F(t) + (G — Co)x + Gy + Cio,

EV = FB(t) + (G — Gy — Cx+Cez+ (7,

@ = F(t) + (G — C4) + Cgt — C3x — Ggy + Co,
EO = —Cyt +Gs,
n® =2Cp.

N =20 P - Fux — By + Fa(t) + Bz,
W = Gu+Gu+Go +Fy,

ﬂ(v) =Gv—-Gu+Gw + By,

ﬂ(w) = CGw—Gu—Cgv + B¢ + G,

where F(t) - arbitrary functions, C, - arbitrary constants. This infinite-dimensional algebra contains a 13-dimensional sub-
algebra, say, L13 with generator translations

Xi=0, X=0,, X3=0,, X4=03 X5=0a;
Galilean transformations
Xo =t +dy, Xy=tdy+0y, Xg=1t0d;+ du;
rotations
X9 =y, — 20y + V0, — w3y, Xio = 20x — X0, + Wy — Uy,
Xi1 = X0y — Yy + udy — vy
and dilatations
Ry = 203 + udy + Vdy + wd, + X + Y3y + 20,
Xi3 = =208, + X0x + ydy + 20, + to;.

The corresponding commutator table for a Lie Algebra L3 has the form Table 1.

To realize the SUBMODEL program [10] it is necessary to calculate the optimal system of subalgebras for the 13-
dimensional algebra X;, ..., X3, which is the subject of a separate study. In this paper, we focus on the submodels, which
is invariant under the rotation group SO(3) with generators (Xg, X19. X11).

3. Invariant submodel SO(3)

Invariants of the group SO(3) are

O, p.tr=/2+y2+22, |V]|=vVu2+12+w2=U, s
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