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a b s t r a c t

This paper presents two new lemmas related to the Caputo fractional derivatives, when
a 2 0;1ð �, for the case of general quadratic forms and for the case where the trace of the
product of a rectangular matrix and its transpose appear. Those two lemmas allow using
general quadratic Lyapunov functions and the trace of a matrix inside a Lyapunov function
respectively, in order to apply the fractional-order extension of Lyapunov direct method, to
analyze the stability of fractional order systems (FOS). Besides, the paper presents a
theorem for proving uniform stability in the sense of Lyapunov for fractional order systems.
The theorem can be seen as a complement of other methods already available in the
literature. The two lemmas and the theorem are applied to the stability analysis of two
Fractional Order Model Reference Adaptive Control (FOMRAC) schemes, in order to prove
the usefulness of the results.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Fractional calculus relates with the calculus using integrals and derivatives of orders that may be real or complex. It has
become very popular in recent years due to its demonstrated applications in many fields of science and engineering [1].

Fractional operators can be found in the identification field, when modeling systems using fractional differential
equations, such as the diffusion process found in batteries [2], some heat transfer process [3], the effect of the frequency
in induction machines [4], amongst others.

Fractional operators can be found in the control field as well; e.g. Fractional Order PID controllers [5]; fractional high gain
output feedback controllers [6,7] and Fractional Order Model Reference Adaptive Controllers (FOMRAC) [8–14], amongst
others.

The stability of these systems have to be proved using techniques specially developed for fractional order systems (FOS),
either for the stability of the system itself, or for the stability of the controlled system.

One of the available techniques to prove the stability of FOS is the fractional-order extension of Lyapunov direct method,
proposed by Li et al. [15]. This method allows concluding asymptotic stability and Mittag–Leffler stability for FOS. However,
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it does not address the frequent case when the fractional derivative of the Lyapunov function is only negative semidefinite,
and conclusions about stability or uniform stability can be drawn. The work reported in [16] can be seen as a complement of
the method proposed in [15], since it allows proving stability in the Lyapunov sense when the fractional derivative of the
Lyapunov function is only negative semidefinite, although the case of uniform Lyapunov stability is not addressed in [16].
Nevertheless, the use of those methods is often a hard task, since finding Lyapunov functions is more complex in the frac-
tional order case than in the integer order case.

Recently, a new lemma for the Caputo fractional derivative of a quadratic function has been presented in [17]. This result
allows the use of classic quadratic Lyapunov functions in many stability analysis of FOS. However, in some cases, those
simple quadratic functions are not useful, and more general quadratic Lyapunov functions must be used instead. Further-
more, in many cases the use of the trace of matrices inside Lyapunov functions can be useful in proving the stability of
FOS, but there is no well established results in these cases. This paper presents a new lemma related to the Caputo fractional
derivatives, when a 2 ð0;1�, for general quadratic functions, which allows using general quadratic Lyapunov functions in the
stability analysis of many FOS. Besides, another lemma related to the Caputo fractional derivative of the trace of a product of
matrices is presented, which allows using the trace inside Lyapunov functions, for stability analysis of FOS.

The paper is organized as follows; Section 2 presents some basic concepts about fractional calculus and stability of FOS, as
well as some well known results that are used in this paper. Section 3 introduces the new lemmas for Caputo fractional
derivatives of special functions, and also a theorem related to the fractional extension of Lyapunov direct method, for proving
uniform stability in the Lyapunov sense. Section 4 presents the usefulness of the proposed lemmas and the theorem for the
stability analysis of two FOMRAC schemes. Finally, Section 5 presents the conclusions of the work.

2. Preliminary concepts

In this section, some basic definitions related to fractional calculus and some concepts and techniques related to the sta-
bility analysis of FOS are presented.

2.1. Fractional calculus

In fractional calculus, the traditional definitions of the integral and derivative of a function are generalized from integer
orders to real or complex orders. In the time domain, the fractional order derivative and fractional order integral operators
are defined by a convolution operation.

Several definitions exist regarding the fractional derivative of order a > 0, but the Caputo definition in (1) is used in most
of the engineering applications, since this definition incorporates initial conditions for xð�Þ and its integer order derivatives,
i.e., initial conditions that are physically appealing in the traditional way.

Definition 1 (Caputo Fractional Derivative [1]). The Caputo fractional derivative of order a 2 Rþ on the half axis Rþ is defined
as follows

C
t0

Da
t x tð Þ ¼ 1

C n� að Þ

Z t

t0

x nð Þ sð Þ
t � sð Þa�nþ1 ds; t > t0 ð1Þ

with n ¼ min k 2 N=k > af g; a > 0.
A new property for Caputo fractional derivatives has been presented in [17], and is introduced here for completeness in

Lemma 1.

Lemma 1 ([17]). Let x tð Þ 2 Rn be a differentiable vector. Then, for any time instant t P t0

1
2
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6 xT tð ÞCt0
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2.2. Stability of fractional order systems

Regarding the stability analysis of FOS, the fractional-order extension of the Lyapunov direct method [15] is one of the
available methodologies in the literature, and is stated in Theorem 1.

Using the Caputo derivative, a FOS can be defined in a general form as

C
t0

Da
t x tð Þ ¼ f x; tð Þ ð3Þ

In this study we will consider a 2 0;1ð Þ.

Definition 2. A continuous function c : 0; t½ Þ ! 0;1½ Þ is said to belong to class-K if it is strictly increasing and c 0ð Þ ¼ 0 [15].
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