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The sharp-interface resolution of compressible liquid-vapor flows is cumbersome due to the necessary
tracking of the interface. The global dynamics are governed by local interface phenomena like surface
tension effects as well as mass and energy transfer across the interface. These effects impose subtle jump
conditions that have to be resolved locally at the interface. The exact solution of the two-phase Riemann
problem is done by a complicated time-consuming iteration process. In addition most of the detailed
knowledge of the Riemann pattern is not used in the overall algorithm such that the development of
a much simpler approximative Riemann solver is desirable. The concept in this paper is to use an ap-
proximate solution of a two-phase Riemann problem at the phase interface. Extending the classical HLL
Riemann solver for compressive shock waves, an additional intermediate state is introduced to distinguish
between the liquid and vapor phase and to resolve the phase interface accurately. To get a thermodynam-
ically consistent approximation a kinetic model is applied that determines the phase transition rate. The
suitability of this approximative Riemann solver is validated by comparing the numerical results to the
exact solution in one- and three-dimensional frameworks. The evaporation rates are compared to exper-
iments with rapid evaporation and boiling. The two-phase approximative Riemann solver is then used
in a compressible two-phase code with a sharp-interface resolution based on a ghost fluid approxima-
tion with data from this novel approximative two-phase Riemann solver. For a shock-droplet interaction
this method provides a fast and accurate resolution of phase transfer and surface tension effects at much
lower costs than the exact solution.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

handle the interface as a diffuse profile such that is smeared out
over a couple of grid cells by the numerical discretization method.

Compressible two-phase flow is of practical relevance for sev-
eral applications in high pressure and high temperature environ-
ments as found e. g. in rocket engines or diesel injection systems.
Its numerical simulation is still challenging due to the fact that
strong density changes occur at the interface which are driven by
local phenomena as surface tension and phase transition. Further-
more strong pressure waves may propagate in the domain and in-
teract with the fluid interfaces. Besides the different spatial scales
the time evolution may also vary within several orders of magni-
tude.

To handle these phenomena, three different numerical ap-
proaches are discussed in the literature: The first two approaches
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The challenge for these models is to obtain at the interface a ther-
modynamically consistent description of the mixture states, which
may be even non-physical. The first approach is to consider the
whole flow in each phase as a homogeneous mixture, often de-
noted as Baer-Nunziato-type models, see e. g. [1,2]. In this con-
text the first exact Riemann solver has been presented in [3]. An-
other approach leads to phase field or second-gradient models as
e. g. the Navier-Stokes-Korteweg equations, see [4,5] for instance.
The third approach is to consider the interface as a discontinu-
ity within the flow field that separates the phases. This necessi-
tates the tracking of the interface during the simulation. The in-
herent assumption here is that the width of the physical interface
is smaller than that of a grid cell and that a proper model exists
to establish physically consistent interface jump conditions. The fo-
cus of this paper is on the latter topic with a physically motivated
model to connect the states on both sides of the interface. Appro-
priate jump conditions are provided by an approximate solution of
a two-phase Riemann problem.
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Let us note that the analysis of the Riemann problem for two-
phase problems has been a very active field of research in the
past decade (see [6] for a general theory and e.g. [7-12] for more
specific examples). But, the analysis is mostly restricted to ei-
ther the isothermal case or to homogeneous coupling conditions
neglecting surface tension, latent heat, and entropy production.
For the isothermal case approximate Riemann solvers based on a
relaxation procedure can be found in [13,14] and based on the
HLL approximation in [15]. An interface Riemann solver based
on the linearization of the Lax-curves has been introduced by
Fechter, Jaegle&Schleper [16]. For the Baer-Nunziato model a HLL
approximation has been suggested by Furfaro & Saurel [17]. Let us
note that we account explicitly for surface tension via integrating
the dynamical Young-Laplace law into the approximate Riemann
solver. For homogenized models capillarity effects enter directly
into the equations. Corresponding Riemann solvers can be found
in e.g. [18-20].

We use the ideas of the HLL approximation, introduced in
[21] for single-phase flows. Several authors extended the basic HLL
approximation to include more complex wave patterns. A classical
issue is the improvement of the resolution of contact waves in the
compressible Euler equations. Einfeldt [22] replaced the constant
intermediate state by a linear one in the HLLEM Riemann solver,
Toro et al. [23] developed an explicit reconstruction of the con-
tact wave in their HLLC framework. Some recent extensions of the
HLLEM scheme to multiple linearly degenerate characteristic fields
are obtained by Balsara & Dumbser in [24].

In this paper we describe the development and numerical val-
idation of the approximate interface Riemann solver. To account
for phase transition waves we follow here the approach of Toro
et al. [23] and adapt it to the occurrence in multi-phase flows. We
denote the resulting approximate Riemann solver as HLLP Riemann
solver, where P stands for phase transition. Let us mention here
the related HLLC solvers in [25,26] which have been designed for
the homogenized Baer-Nunziato models. The quality of any HLL-
type approximation depends on the a priori estimation of the wave
speeds. For single-phase flows improvements have been proposed
e. g. in [22,27]. The description gets more difficult in the case of
a liquid-vapor interface. Based on the Roe linearization for general
equations of state Hu, Adams & laccarino [28] introduced estima-
tions that take into account phase interfaces without phase transi-
tion and surface tension effects.

We present a HLL approximation, that is based on the sharp-
interface model for two phase flows with phase transition, intro-
duced in [29]. This model consists of the Euler equations in the
bulk phases and jump conditions at the interface. The model has
been validated against experimental results for shock tube prob-
lems of evaporating alkanes. The comparisons show a good agree-
ment on the qualitative level as long as temperature differences
remain small. In other situations, however, the solutions show un-
physical large temperature jumps at the contact wave. Note that,
using Euler equations heat conduction is neglected and temper-
ature jumps can be arbitrary large at contact waves. The com-
parison using the HLLP approximation will compare better to the
shock tube experiments. The reason is, in particular, that the con-
tact wave, which is the potential source for the unphysical behav-
ior, is averaged.

The proposed coupling by the approximate two-phase Riemann
solver has to be combined with any interface tracking method.
Here, we use a ghost fluid approach that is described without
phase transitions in [30]. It is based on the ghost fluid method,
proposed in [31] and extended by Merkle & Rohde [9]. Techniques
to handle the interface resolution by the use of a moving grid are
considered, e. g., by Nguyen et al. [32] and by Chalons et al. [33];
in Hu et al. [34] cutted cells are introduced.

The structure of the paper is as follows. In Section 2 the phys-
ical and mathematical model of the Riemann problem with phase
transition and surface tension effects is described. In Section 3 the
single-phase HLL approach is extended to approximate the effects
at the phase interface. In Section 4 the numerical approach for
the simulation of compressible two-phase flows is described that
is based on the approximate Riemann solver. The approximate Rie-
mann solver is then validated in Section 5 using several test cases
with resolved surface tension and phase transition effects.

2. Mathematical and physical model

For the simulation of compressible liquid-vapor flows we con-
sider the compressible Euler equations as model for the dynam-
ics of the bulk (Section 2.1). The two-phase setting is explained
in Section 2.2. The jump conditions at the interface are resolved
sharply by the solution of the interface Riemann problem. For this
Riemann problem in interface-normal direction the jump condi-
tions are provided in Section 2.3 within a one-dimensional setting.
The application and the coupling algorithm of the one-dimensional
interface model within a three-dimensional flow solver is detailed
in Section 4.2.

2.1. Bulk model: Compressible Euler equations

We assume that the interface I'(t) at time t divides the compu-
tational domain Q c R3 into two regions, the liquid region Qjiq(t)
and the vapor region Quap(t). In both regions the mathematical
model is given by the Euler equations

ot + div(pv) =0,
(ov), + div(ovev+pl) = 0, (1)
(oe), + div((oe+pjv) =0,

together with suitable initial and boundary conditions.

The vector of the conservative variables is denoted by U =
(0, ov, ge)t, in which g is the fluid density, v = (v1, V5, v3)! is the
velocity vector and e is the specific total energy, which is related
to the specific internal energy € via e = € + %v -v. The superscript !
denotes the transposed vector and I the 3-dimensional unit matrix.
The system (1) is closed by a general equation of state (EOS) that
relates the pressure to the conservative variables. To facilitate the
thermodynamic description, we restrict ourselves in the following
to the case of a single species in the bulk phases.

2.2. Two-phase thermodynamics

The pressure p, temperature T, specific entropy s, specific en-
thalpy h and specific Gibbs energy g of the fluid are considered
to be given by a suitable EOS. Here we assume that the EOS is
given as a (implicit) function of the conservative variables. For in-
stance, the pressure-law is given as general function p = p(p, ¢) of
the variables density ¢ and internal energy &. Similar approxima-
tions are available for the other thermodynamic quantities.

We consider solely subsonic, subcritical phase transitions and
require that the saturation curve exists. This curve can be
parametrized by a single thermodynamic quantity, e. g. using the
temperature T or the pressure p. Along these curves the pressure,
temperature and specific Gibbs free energy g are equal in both
phases.

A schematic visualization of a generic EOS is plotted in Fig. 1
showing the isotherms for two different temperatures. The space
of admissible states in the vapor and liquid region is indicated
by shaded areas. In between these regions, the spinodal region
is found, see e. g. [35,36], without physically meaningful sound
speed. This region is the main reason for the complicated construc-
tion algorithm of the Riemann problem. The effects that may take
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