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Abstract

We consider the brachistochrone problem of the particle with a preselected interval for the nor-
mal reaction force value as well as the terminal position of the particle lying on an arbitrary
planar curve. We use optimal control theory to solve the formulated brachistochrone problem.
Here we treat the brachistochrone curve as a bilateral idealconstraint. We study the cases of
symmetrically and unsymmetrically preselected intervalsfor the normal reaction force value.
We show that in the case of a symmetrically preselected interval for the normal reaction force
value, the brachistochrone curve is a two-segment curve, and in the case of an unsymmetrically
preselected interval, it is a three-segment curve. We present a numerical procedure for the identi-
fication of the global minimum time of motion. Finally, we present several examples to illustrate
the approach proposed in the paper.
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1. Introduction

It is well known that a solution of the classical brachistochrone problem is a one-segment
curve – cycloid (see e.g. [1]). In a homogeneous gravitational field a particle starting motion
from a specified position with a specified magnitude of initial velocity arrives in a minimum
time at the specified terminal position moving along the cycloid. Thereat, the cycloid is consid-
ered as a bilateral constraint, that is, the particle must slide along the cycloid like a bead on a
wire. However, [2–4] considered so-called unrestrained brachistochrone problem of the particle,
where the brachistochrone curve represents a unilateral constraint for the particle, that is, the
particle must slide along the brachistochrone curve like a block on an inclined plane. In addition,
the inclination angles at the initial and terminal positions of the particle on the brachistochrone
curve were specified. In [2–4] it is shown that the solution ofthe unrestrained brachistochrone
problem, in a general case, represents a three-segment curve composed of a cycloidal subarc and
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