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a  b  s  t  r  a  c  t

Lavrent’ev’s  model  (a  satellite  is  simulated  by a  rigid shell  with  a spherical  damper)  is used  to  study  the
effect  of  internal  forces  on  the motion  of a satellite  in a central  gravitational  field assuming  that  both
dissipative  and  elastic  internal  forces  arise  with  relative  displacements  of  the  damper.  All  the steady
rotations  are  determined  within  the  framework  of this  model  for a  dynamically  symmetric  satellite  in  a
circular  orbit  and  their  stability  is  investigated  as  a function  of  the  values  of the damping  and  stiffness
coefficients.
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1. Statement of the problem. Equations of motion

The investigation of the steady motions of mechanical systems with internal dissipation is of interest in relation to the fact that, in
the majority of cases, the steady motions are the unique limit motions of such systems. The steady motions of a dynamically symmetric
satellite with a spherical damper in a central gravitational field when there are only internal dissipative forces have been studied earlier
1 within the framework of a circular restricted problem. A similar problem for the case when external elastic forces act in addition to
dissipative forces is considered below.

A satellite is considered that consists of a supporting rigid body (shell) and a uniform spherical body (damper) carried by the shell with
the centre of the uniform body (damper) fixed with respect to the shell (Lavrent’ev’s model 2,3). The vector of the absolute angular velocity
of the shell is denoted by � and the absolute angular velocity of the damper is denoted by �.  The angular momentum of the satellite with
respect to its centre of mass is described in the form

(1.1)

where K1 is the angular momentum of the auxiliary body formed by the shell and a point mass equal to the mass of the damper located
at the centre of the damper, K2 is the angular momentum of the damper, J* is the inertia tensor of the auxiliary body, I is the moment of
inertia of the damper with respect to its central axis, J is the central inertia tensor of the whole satellite with principal moments of inertia
A, B, C, and E is a unit matrix.

We shall assume that, with relative displacements of the damper, a dissipative torque Md and an elastic force torque Me, defined by the
formulae

(1.2)

act on it.
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Here, �̃ and k̃ are damping and stiffness coefficients, � is the vector of the finite rotation of the damper with respect to the shell, � is the
unit vector of the axis of the finite rotation and � is the angle of finite rotation. The potential energy of the elastic forces is defined by the
expression

(1.3)

We next assume that the rotational motion of the satellite and the motion of its centre of mass are mutually independent and that the
centre of mass moves in a circular orbit. In this case, the gravitational torque acting on the satellite has the form 4

(1.4)

where �0 is the angular velocity vector of the orbital basis directed along the normal n to the orbital plane and r = R/R, where R is the radius
vector joining the centre of attraction to the centre of mass of the satellite.

Using the dimensionless time � = �0t and the dimensionless variables

(1.5)

the equations for the rotational motion of the satellite can be written in the form

(1.6)

(1.7)

(1.8)

(1.9)

In these equations, derivatives with respect to the dimensionless time with reference to the Koenig basis are denoted by the symbol
d
d� and derivatives in the basis e1, e2, e3 associated with the shell are denoted by a prime. The left-hand sides of Eqs. (1.6) and (1.7) are
derivatives of the reduced angular momentum of the auxiliary body and the reduced angular momentum of the damper

and the right-hand sides are the reduced acting torques. The dimensionless damping coefficient and stiffness coefficient:

are denoted by � and k.
Kinematic equations (1.8) describe the rotational motion of the auxiliary body, where � is the unit norm quaternion specifying the

position of the basis of the principal axes of inertia e1, e2, e3 of the satellite with respect to the Koenig basis. Equations (1.9) express the
relation between the finite rotation velocity vector of the damper and the relative angular velocity of the damper.5

The components of the vector r in the e1, e2, e3 basis are defined by the formulae 1

The system of equations (1.6)–(1.9) is non-autonomous since the components of the vector r in the e1, e2, e3 basis are explicitly
dependent on time. To obtain an autonomous system of equations, it is necessary to use phase variables which determine the state of the
satellite with respect to the orbital basis formed by the vectors n, r and � = n × r.

For a dynamically symmetric satellite (A = B /= C), the reduced angular momentum of the auxiliary body and the reduced gravitational
torque are expressed by the formulae

(1.10)

where e is the unit vector of the axis of dynamic symmetry. The angular velocities of the shell and the damper in the orbital basis are
denoted by u and v respectively and derivatives with respect to the dimensionless times, calculated in the orbital basis, are denoted by a
dot. Taking account of the fact that the dimensionless angular velocity of the orbital basis is equal to n and using the equality

(1.11)

we obtain the following autonomous system of equations of motion of a dynamically symmetric satellite:

(1.12)

(1.13)

(1.14)
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