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Available online xxx surface. It is assumed that the mechanical properties of the surface layers differ from the properties of the

material far from the surface. The three-dimensional elasticity equations are analysed by an asymptotic
method using several asymptotic parameters. Equations are obtained by the method of reducing the
three-dimensional equations of the theory of elasticity to the two-dimensional equations of shell theory
in which surface stresses have to be taken into account for a sufficiently small shell thickness. Asymptotic
estimates of the effect of surface stresses on the SSS are obtained as a function of the ratio of the elastic
moduli of the shell material and of the layer close to the surface, the ratio of the shell thickness to the
thickness of the surface layer and the type of SSS and its variability with respect to the coordinates.
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The study of the effect of surface stresses on the stress-strain state (SSS) of rigid bodies has already been started by Laplace! and Young.?
Reviews of papers on this topics are available (see Refs 3-5, for example). This problem has become pressing in connection with the active
use of elements, the dimensions of which are commensurate with molecular dimensions.®”

Surface stresses arise as a consequence of the interaction of molecules on the surface of a rigid body not only with the neighbouring
molecules of the body but also with the molecules of the surrounding medium ((solid, liquid, gaseous) or with a vacuum. The
surface stresses of many liquids are measured as a function of temperature. In the case of rigid bodies, these measurements are
associated with great difficulties, and different methods are available for their realization.®-!'! For example, the Gibbs-Curie-Wolf
equation

is used for the equilibrium form of crystals, where o; are the surface stresses of the i-th edge of the crystal and h; is its distance from the
centre of the crystal.
The magnitude of the ideal surface stresses of a rigid body o7 can be found from the Polanyi, Smekal and Griffith equation

Py =QcrE/8)"?

where Pyq is the ideal value of the ultimate strength stress of the body and 3 is the intermolecular (interatomic) distance.

¥ Prikl. Mat. Mekh., Vol. 80, No. 2, pp. 242-253, 2016.
E-mail address: nrogache@yandex.ru

http://dx.doi.org/10.1016/j.jappmathmech.2016.06.011
0021-8928/© 2016 Elsevier Ltd. All rights reserved.

Please cite this article in press as: Rogacheva NN. The effect of surface stresses on the stress-strain state of shells. ] Appl Math Mech
(2016), http://dx.doi.org/10.1016/j.jappmathmech.2016.06.011



dx.doi.org/10.1016/j.jappmathmech.2016.06.011
dx.doi.org/10.1016/j.jappmathmech.2016.06.011
http://www.sciencedirect.com/science/journal/00218928
http://www.elsevier.com/locate/jappmathmech
mailto:nrogache@yandex.ru
dx.doi.org/10.1016/j.jappmathmech.2016.06.011

G Model
JAMM-2348; No.of Pages9

2 N.N. Rogacheva / Journal of Applied Mathematics and Mechanics xxx (2016) XxXxx-xxx
1. Surface stresses in shells

We will assume that surface stresses are the forces due to intermolecular interactions close to the body surface per unit length of the
contour bounding an element of a thin layer near the surface. The surface stresses are perpendicular to the bounding contour and have the
dimension Nm~1,

If the smallest characteristic dimension of a deformed body is considerably greater than the thickness of the layer in which the surface
stresses act, the effect of surface stresses on the SSS of the body is unimportant and it can be neglected.

The results of a number of papers (see Refs 12 — 14) confirm that the surface stresses can turn out to be considerable even if the body
has just one small characteristic dimension (for example, thin bodies such as thin filaments, plates, shells, bodies with cracks or small
apertures, and so on).

We will treat surface stresses as a static pre-loading localized in ultrathin layers near the faces of a shell. The effect of static preloading
on the SSS of structures has been thoroughly studied and described in a number of papers (see Refs 15 and 16, for example). The surface
stresses must enter into the initial three-dimensional equations of the theory of elasticity since they are always present near the body
surface.

We will analyse the role of surface stresses in the SSS of an elastic body using the example of a shell which enables us to study
the dependence of the effect of surface stresses on the SSS as a function of a number of parameters, that is, the shell thickness, the
thickness of the layer in which the surface stresses act, the physical properties of the material, the variability of the SSS and the type
of SSS.

As previously,'? we represent a uniform shell in the form of a three-layer shell of symmetric structure (R is its characteristic dimension)
consisting of a central layer of thickness 2 hg and two ultrathin layers of thickness hy, adjoining the faces of the shell, in which the surface
stress forces oo with the dimension Nm~! are localized. We represent the surface stress forces as stresses Tg=0g/hs =cont. that are
uniformly distributed over the thickness of the ultrathin layer.

It should be noted that the results obtained below are estimates: the surface stresses Ty are not at all constant throughout the surface
layer and the surface layer material is not isotropic as assumed here. It can be either transversally anisotropic or be described by other
models differing from the classical linear theory of elasticity. For example, the theory of micropolar shells has been used in describing
surface stresses.!”

The asymptotic method enables us to investigate any problems having small parameters but, since there is no reliable information
concerning the equations of state of a surface layer, we will use the classical theory of elasticity.

We write the three-dimensional equations of the theory of elasticity for ultrathin layers in which there are static loads acting in the
tri-orthogonal curvilinear system of coordinates oy, a3, 7y (ot1 and o, are the lines of curvature of the middle surface of the shell and the vy
axis is orthogonal to them):

the equilibrium equations
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the equations of state
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