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Dynamic homogenization of composite and locally

resonant flexural systems

René Pernas-Salomón and Gal Shmuel∗

Faculty of Mechanical Engineering, Technion–Israel Institute of Technology, Haifa 32000, Israel

Abstract

Dynamic homogenization aims at describing the macroscopic characteristics of wave prop-

agation in microstructured systems. Using a simple method, we derive frequency-dependent

homogenized parameters that reproduce the exact dispersion relations of infinitely periodic

flexural systems. Our scheme evades the need to calculate field variables at each point, yet ca-

pable of recovering them, if wanted. Through reflected energy analysis in scattering problems,

we quantify the applicability of the homogenized approximation. We show that at low frequen-

cies, our model replicates the transmission characteristics of semi-infinite and finite periodic

media. We quantify the decline in the approximation as frequency increases, having certain

characteristics sensitive to microscale details. We observe that the homogenized model cap-

tures the dynamic response of locally resonant media more accurately and across a wider range

of frequencies than the dynamic response of media without local resonance.
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1 Introduction

The physics of systems with microstructure is governed by complex differential equations with

spatially varying coefficients, leading to fields that exhibit rapid fluctuations at the microscale. Ho-

mogenization theory aims at describing such systems in terms of simpler effective or macroscopic

equations, assuming these microscale variations can be averaged out (Hashin, 1983, Nemat-Nasser

and Hori, 1999, Milton, 2002). In turn, the homogenized models—ordinarily developed when

analyzing infinite media—are employed in investigating the physics of microstructured systems
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