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Minimization Principles for the Coupled Problem of Darcy-Biot-Type Fluid
Transport in Porous Media Linked to Phase Field Modeling of Fracture

Christian Miehe∗, Steffen Mauthe∗, Stephan Teichtmeister∗

Institute of Applied Mechanics (Civil Engineering), Chair I, University of Stuttgart, Pfaffenwaldring 7, 70569 Stuttgart, Germany

Abstract

This work develops new minimization and saddle point principles for the coupled problem of Darcy-Biot-type fluid
transport in porous media at fracture. It shows that the quasi-static problem of elastically deforming, fluid-saturated
porous media is related to a minimization principle for the evolution problem. This two-field principle determines
the rate of deformation and the fluid mass flux vector. It provides a canonically compact model structure, where the
stress equilibrium and the inverse Darcy’s law appear as the Euler equations of a variational statement. A Legendre
transformation of the dissipation potential relates the minimization principle to a characteristic three field saddle
point principle, whose Euler equations determine the evolutions of deformation and fluid content as well as Darcy’s
law. A further geometric assumption results in modified variational principles for a simplified theory, where the fluid
content is linked to the volumetric deformation. The existence of these variational principles underlines inherent
symmetries of Darcy-Biot theories of porous media. This can be exploited in the numerical implementation by the
construction of time- and space-discrete variational principles, which fully determine the update problems of typical
time stepping schemes. Here, the proposed minimization principle for the coupled problem is advantageous with
regard to a new unconstrained stable finite element design, while space discretizations of the saddle point principles
are constrained by the LBB condition. The variational principles developed provide the most fundamental approach to
the discretization of nonlinear fluid-structure interactions, showing symmetric systems in algebraic update procedures.
They also provide an excellent starting point for extensions towards more complex problems. This is demonstrated
by developing a minimization principle for a phase field description of fracture in fluid-saturated porous media. It is
designed for an incorporation of alternative crack driving forces, such as a convenient criterion in terms of the effective
stress. The proposed setting provides a modeling framework for the analysis of complex problems such as hydraulic
fracture. This is demonstrated by a spectrum of model simulations.
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1. Introduction

1.1. Variational Principles for the Poro-Hydro-Elastic Evolution

The process of fluid flow in a deforming porous medium was first considered in Terzaghi [1] for one-dimensional
consolidation problems, and extended by Biot [2] to a general macroscopic continuum theory that includes Darcy’s law
of fluid transport. Since these pioneering works, it has received considerable attention in the engineering literature due
to its numerous practical applications. While the original focus was petroleum and geotechnical engineering, recent
extended theories are applied to problems of continuum biomechanics and medical sciences. We refer to Bear [3],
Detournay and Cheng [4], Coussy [5], Lewis & Schrefler [6], De Boer [7] and Ehlers [8] for reviews of foundations
and applications of the mechanics and thermodynamics of porous continua. A fundamental geometrically nonlinear
theory of finite deformations of porous solids is outlined in the seminal work Biot [9]. Consistent with his treatment of
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