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1. Introduction

Euler-Rodrigues formula was first revealed in Euler's equations [1] published in 1775 in the way of change of direction cosines
of a unit vector before and after a rotation. This was rediscovered independently by Rodrigues [2] in 1840 with Rodrigues param-
eters [3] of tangent of half the rotation angle attached with coordinates of the rotation axis, known as Rodrigues vector [4-6]
sometimes called the vector-parameter [7], presenting a way for geometrically constructing a rotation matrix. The vector form
of this formula was revealed by Gibbs [8], Bisshopp [9], and Bottema and Roth [10] in their presentation of the Rodrigues formu-
lae in planar and spatial motion. In addition to Rodrigues parameters, Euler-Rodrigues parameters were revealed in the same
paper [2] as the unit quaternion. It was illustrated by Cayley [11] that the rotation about an axis by an angle could be implement-
ed by a quaternion transformation [12] that was again interpreted by Cayley [13] physically using Euler-Rodrigues parameters
that we now know as the quaternion conjugation [14,15], this coincides with the result of using Rodrigues parameters in the
Euler-Rodrigues formula, leading to Cayley transform [16] as a mapping between skew-symmetric matrices of Lie algebra ele-
ments and special orthogonal matrices of Lie group elements.

The Euler-Rodrigues formula for finite rotations [17,18] raised much interest in the second half of the 20th century. In 1969,
Bisshop [9] studied the formula in vector form of the rotation tensor by presenting a derivation from rotating a vector about an
axis by an angle. In 1979, Bottema and Roth [10] presented Rodrigues formulae for rigid body displacements of various motions
and put forward vectorial representations. In 1980, Gray [4] reviewed Rodrigues' contribution to the combination of two rotations
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and presented a historical account of this development. In 1989, Cheng and Gupta [19] verified the original contribution of Euler and
accounted a further contribution of Rodrigues based on Euler-Rodrigues parameters. Since 1980s, Euler-Rodrigues formula has been
widely used in geometric algebra [20,21], theoretical kinematics [10,22,23], and robotics [24]. In modern mathematics, Euler-Rodri-
gues formula is used as an exponential map [25] that converts Lie algebra so(3) into Lie group SO(3), providing an algorithm for the
exponential map without calculating the full matrix exponent [26-28] and for multi-body dynamics [29-32].

In the 21st century, Euler-Rodrigues formula continuously attracted broad interest. In 2003, Bauchau and Trainelli [33] developed
an explicit expression of the rotation tensor in terms of vector parameterization based on the Euler-Rodrigues formula and in
particular utilized tangent of half the angle of rotations [10,34]. In 2004 and 2006, Dai [3,35] reviewed Euler-Rodrigues parameters
in the context of theoretical development of rigid body displacement historically. In 2007, Mebius [36] presented a way of obtaining
the Euler-Rodrigues formula by substituting Euler-Rodrigues parameters in a 4 x 4 rotation matrix based on a quaternion represen-
tation. In 2008, Senan and O'Reilly [37] illustrated rotation tensors with a direct product of quaternions and examined the parameter
constraint in Euler-Rodrigues parameters. In the same year, Norris [38] applied the Euler-Rodrigues formula to developing rotation of
tensors in elasticity by projecting it onto the hexagonal symmetry defined by axes of rotations with Carton decomposition of rotation
tensors [39]. In 2010, Miiller [40] used a Cayley transformation to obtain a modified vector parameterization that represents an
extension of the Rodrigues parameters, which reduces the computational complexity while increasing accuracy. In 2012, Kovacs
[41] gave a new derivation of the Euler-Rodrigues formula based on a matrix transformation of three continuous rotations. In the
same year, Pujol [15,42] investigated the relation between the composition of rotations and the product of quaternions [43] and
related the work to Cayley's early contribution [11,44] through Euler-Rodrigues parameters. Following various studies, the use of
the Euler-Rodrigues formula and of the Euler-Rodrigues-parameters formulated unit-quaternion has been extended to a broad
range of research topics including vector parameterization of rotations [33,40,45], rational motions [46-49], motion generation
[50-52] and planning [53], kinematic mapping [54,55], orientation [56] and attitude estimation [57-59], mechanics [60], constraint
analysis [61,62], reconfiguration [63,64], mechanism analysis [65-67] and synthesis [68,69], sensing [70] and computer graphics
[71-73] and vision [74].

Though various studies were made, reconciliation of different versions of the Euler-Rodrigues formula and their derivations were
vaguely known. This paper is to examine all Euler-Rodrigues formula variations, present their derivations and discuss their intrinsic
connections to provide readers with a complete picture of variations and connections, leading to understanding of the Euler-Rodrigues
formula in its variations and uses as an exponential map and a quaternion operator.

2. Geometrical interpretation of the Euler—Rodrigues formula

Rigid body rotation can be presented in the form of Rodrigues parameters [34,75] that integrate direction cosines of a rotation axis
with tangent of half the rotation angle as three quantities in the form of

1 1
b, = tan 6s,, b, = tan: s

1
505y, b, = tan 0s,, (1)

Fig. 1. Projected rhombus and the half-angle of rotation.
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