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We  review  the  previous  attempts  of  rational  subgrid-scale  (SGS)  modelling  by  employing  the
Kolmogorov  equation  of  filtered  quantities.  Aiming  at  explaining  and  solving  the  underlying
problems  in  these  models,  we  also  introduce  the  recent  methodological  investigations  for  the
rational  SGS  modelling  technique  by  defining  the  terms  of  assumption  and  restriction.  These
methodological  works are expected to provide instructive criterions for not only the rational SGS
modelling, but also other types of SGS modelling practices.
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The large-eddy  simulation  (LES)  technique  has  been  de-
veloped in the last half-century, leading to various subgrid-scale
(SGS) models published in academic journals. The spirit of SGS
modelling  is  to  relate  the  SGS  tensor  to  the  grid-scale  (GS)
quantities [1, 2]. This relation indeed describes a very strong in-
stant multi-scale correlation which is not physically correct and
involves tight  restrictions  on  the  velocity  fluctuations.  In  previ-
ous  studies,  we  conclude  this  step  by  using  the  term  “assump-
tion” [3-6]. There are various assumptions such as the eddy-vis-
cosity  assumption  [7],  the  scale-similarity  assumption  [8],  the
gradient  diffusion  assumption  [9], the  velocity  increment  as-
sumption  [10, 11], etc.  For  definition,  we  comment  that  an  as-
sumption  assumes  a  (local)  similarity  between  GS  and  SGS
quantities.

As described above, the assumptions only assume an explicit
or implicit link between GS and SGS quantities, but this link usu-
ally  is  not  assumed  in  a  complete  expression.  Instead,  one  or
more undetermined  coefficients  or  functions  are  usually  re-
quired  to  allow  involving  additional  mathematical  or  physical
restrictions. From our previous studies, A restriction is a physic-
al, mathematical, empirical or phenomenological simplification
which is employed in the SGS modelling closure, such as the in-
viscid simplification [12], the scaling laws [13-17], the filter simil-
arity  [18],  the  velocity  profile  restriction  [19],  etc.  There  can  be

multiple restrictions in one SGS model. In general, the reason of
choosing multiple restrictions is that we hope the generated tur-
bulence can satisfy more physical or mathematical laws. Where-
as, sometimes multiple restrictions lead to non-negligible error,
which  will  be  discussed  later.  We  remark  that  according  to  the
different  methods  that  the  restrictions  are  employed  into  SGS
models, we can also define the “structural modelling” and “functi-
onal modelling” [1].  The difference between these two methods
is whether the restrictions are defined to the SGS tensor itself.

The  restrictions,  involved  in  the  SGS  modelling  procedure,
can be either phenomenological or rational, according to differ-
ent understandings of the turbulence statistics. A phenomenolo-
gical methodology  employ  an  external  restriction  which  is  stat-
istically  observed in  turbulent  flows or  simplified mathematical
models,  but are usually not direct conclusions from the Navier-
Stokes  equations;  by  contrast,  a  rational  methodology  aims  at
derive all restrictions analytically starting from the Navier-Stokes
equations and the Kolmogorov-Obukov theories, which are usu-
ally  regarded  as  traditional  foundations  in  turbulence  research
history. It is not easy to insist on the rational methodology since
quite few analytical relations can be found without external phe-
nomenology. In  this  contribution  we  then  review  a  series  of  at-
tempts on  rationally  understanding  the  SGS  modelling  proced-
ure,  based  on  the  Kolmogorov  equation  of  filtered  quantities
(KEF)  which  is  usually  considered  as  an  exact  physical  law  in
turbulent investigations.

The  first  work  considering  the  KEF  as  a  necessary  physical
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condition  can  be  found  in  Ref.  [20].  Starting  from  this  idea,  the
KEF was used as a restriction in SGS modelling and yields many
rational SGS models in different flow contexts.

The  Cui-Zhou-Zhang-Shao  (CZZS)  model  [12]  might  be  the
first attempt using the KEF to rational formulate an SGS model.
This model  is  based  on  the  traditional  eddy-viscosity  assump-
tion and derived under  the conditions of  homogeneity  and iso-
tropy. Due to the eddy-viscosity assumption, it is an eddy-viscos-
ity  SGS  model,  while  different  extensions  to  other  assumptions
were  discussed  in  Ref.  [21].  Calculations  in  both  homogeneous
isotropic turbulence (HIT) and channel turbulence show a pos-

teriori  improvements.  However,  there are still  unclear  points  in
this  work.  For  example,  in  Ref.  [12]  two  formulations  of  CZZS
model  are  proposed,  one  in  which  corresponds  to  dynamically
determined model  coefficient,  while  the  other  one corresponds
to  constant  coefficient  using  the  scaling  law.  In  Ref.  [13]  it  was
shown that the dynamically determined coefficient always leads
to  divergence.  As  shown  in Fig.  1,  the  dynamically  determined
model  coefficient  always  yield  numerical  energy  accumulation
at high wavenumbers and lead to divergence, while the fixed re-
solved-scale scaling law leads to stable runs.  The discussion on
this phenomenon will be shown later.

Two  important  extensions  of  the  CZZS  model  can  be  the
studies  made  by  Shao  et  al.  [22]  and  Cui  et  al.  [23].  The  former
extension  involves  homogeneous  rotation,  while  the  latter  one
considers homogeneous  shear  instead.  The  eddy-viscosity  as-
sumption  remains  in  these  models  as  the  basic  assumption.
Similar extensions can also be found in Ref. [24] for determining
the Smagorinsky coefficient, and in Ref. [25] based on the eddy-
diffusivity  assumption  for  passive  scalar.  Another  extension  of
the CZZS  model  uses  the  velocity  increment  assumption  to  re-
place  the  eddy-viscosity  assumption  and  obtains  an  improved
velocity  increment  (IVI)  model  [11],  which  has  an  very  simple
model  formulation  and  reduces  the  calculation  resources  in
practice.

We remark that although the theoretical background of these
rational SGS models is solid, presently there are still no practical
applications of  these  models  in  real  engineering  problems.  Ex-
cept for  the  lack  of  propagation,  we  have  to  admit  that  some-
times these  models  are  not  numerically  stable  enough.  We  ex-
plained in Ref. [26] that this is partly because of the time-revers-
ibility of KEF, which generates less SGS dissipation in non-equi-
librium  turbulence  [27]  but  captures  correctly  the  short-time
evolution  physics  [28, 29].  However,  this  problem  is  indeed  a
methodological  issue,  which  calls  for  the  following  high-level
methodological  investigations  for  the  rational  SGS  modelling
technique.

As  discussed  above,  we  found  that  when  employing  these

SGS  models,  if  we  calculate  the  model  coefficient  dynamically,
the  LES  calculations  are  usually  unstable.  Instead,  a  constant
model  coefficient  usually  leads  to  better  performance.  This  fact
has been discussed in Refs. [3, 11, 13], but we did not manage to
give a  convincing  theoretical  explanation.  Based  on  the  defini-
tion of the terms assumption and restriction, in Ref. [3] we sum-
marized  the  various  attempts  of  this  modelling  methodology,
and phenomenally guessed that there are some conflicts among
the assumptions and restrictions in SGS modelling.  The follow-
ing  investigations  then  show  preliminary  attempts  under  this
framework.

In Ref. [5] we find a typical criterion of orthogonality with one
assumption and multiple restrictions of stationarity. We show by
a generalized derivation that  if  there are  multiple  stationary re-
strictions in  a  modelling,  the  corresponding  assumption  func-
tion must satisfy a criterion of orthogonality. Numerical tests us-
ing one-dimensional  nonlinear  advection  equation  are  per-
formed to provide some validations on this approach. See Fig. 2
for  illustration,  in  which  we  tested  different  cases  with  various
combinations of restrictions. Clearly,  when the orthogonal rela-
tions of these restrictions are not satisfied, errors are always non-
negligible. This case is indeed too ideal to be validated and em-
ployed in real SGS modelling, since no real SGS model uses only
stationary restrictions, however, it explicitly shows the existence
of mathematical  constraints  in  the  methodology of  SGS model-
ling, which has never been clarified in previous studies.
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Fig. 1.   Time evolution of energy spectra in a free-decaying turbulence 643 grids [13]. a CZZS model with dynamically determined model coeffi-
cient; b CZZS model with fixed resolved-scale scaling law.
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